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Abstract
We classify and study defects in 2d Jackiw-Teitelboim gravity. We show
these are holographically described by a deformation of the Schwarzian the-
ory where the reparametrization mode is integrated over different coadjoint
orbits of the Virasoro group. We show that the quantization of each coad-
joint orbit is connected to 2d Liouville CFT between branes with insertions
of Verlinde loop operators. We also propose an interpretation for the ex-
ceptional orbits. We use this perspective to solve these deformations of the
Schwarzian theory, computing their partition function and correlators. In
the process, we define two geometric observables: the horizon area opera-
tor Φh and the geodesic length operator L(γ). We show this procedure is
structurally related to the deformation of the particle-on-a-group quantum
mechanics by the addition of a chemical potential. As an example, we solve
the low-energy theory of complex SYK with a U(1) symmetry and generalize
to the non-abelian case.
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1 Introduction and Summary
There has been a recent explosion of interest in the so-called Sachdev-Ye-Kitaev models,
see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. These 0+1d quantum models
of all-to-all interacting fermions contain 1+1d gravitational features such as black holes
and chaotic behavior. The low-energy dynamics of these models is described by a 1+1d
model of dilaton gravity in AdS2, the Jackiw-Teitelboim (JT) model [18]. Within this
context, this model was picked up in [19, 20, 21, 22] and studied intensively since then.
With suitable boundary conditions, the model is described by a Schwarzian action:
S[f ] = −C
∫ β
0
dτ {f, τ} , {f, τ} ≡ f
′′′
f ′
− 3
2
(
f ′′
f ′
)2
, (1.1)
where a prime denotes derivative with respect to Euclidean time τ . The Schwarzian
coupling constant C has dimensions of length, and the semi-classical regime is reached
by taking large C/β.1
Structurally, the Schwarzian action can be viewed as a geometric action [9, 23, 24]
and is deeply linked to Virasoro representation theory. For SYK purposes, one usually
considers the vacuum orbit Mf = Diff(S1)/SL(2,R) as integration manifold for the
reparametrization f . It has recently become apparent that also other Virasoro orbits
describe interesting deformed Schwarzian systems [25, 26, 27, 28], see also [29]. It is
our goal here to systematically study and classify these deformations and in particular
identify their JT gravitational content.
JT gravity can be viewed as a constrained SL(2,R) BF gauge theory [30], and as usual
it is simpler to first understand the BF with compact gauge group story before adding
the additional difficulties that gravity imposes. This will also be directly relevant for the
complex SYK model, a generalization that uses complex instead of Majorana fermions
[31].
Our main players in this work are the two dimensional BF model with compact gauge
group G, described by the action:
SBF[χ,A] =
∫
TrχF +
1
2
∮
dτTrχA0, (1.2)
and the JT gravity model, given by:
SJT[Φ, g] =
1
16piG
[∫
d2x
√
gΦ(R+ 2)− 2
∫
dτΦK
]
. (1.3)
1We will write most expressions for generic C, but take C = 1/2 for some applications.
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Let us summarize our results. In previous work, diagrammatic rules were derived to
structure the generic amplitude of bilocal operators within JT gravity [32] and BF theory
[33] on a disk-shaped region.2 The rules are stated in those references and we will not
repeat them here. As shown in these papers, for the compact group BF model, the
regions of the disk are labeled by a discrete parameter, the irreducible representation R,
whereas for the non-compact JT model, the region is labeled by a continuous parameter k
(from the 2d Liouville CFT perspective this is related to the Liouville momentum, while
from a BF perspective this parameter labels continuous representations of SL(2,R)). In
each of these regions, the Hamiltonian is given by the Casimir of the representation.
In this work, we add a new rule to this dictionary by inserting a defect (depicted by a
cross in the diagram) into the bulk geometry. Some examples of diagrams with defect
insertions are:
BF theory :
R
JT gravity : k (1.4)
From the point of view of the BF theory with group G bulk, these defects correspond to
the insertion of a “magnetic monopole” implementing a non-trivial monodromy of the
gauge field around it, labeled by the holonomy z ∈ G. We will refer to those as chemical
potential defects, since from a boundary perspective they have the effect of turning on
a chemical potential.
From the point of view of JT gravity, these defects correspond to inserting defects inside
the bulk, either microscopic punctures (conical defects labeled by the angle θ) or macro-
scopic tubes (wormholes labeled by the neck radius λ). In the Schwarzian theory perspec-
tive, they have the effect of changing the integration manifold from Diff(S1)/SL(2,R)
to other Virasoro orbits.
For the case of BF theory with a compact group G, in this paper we will derive that
the effect of these deformations by the defects is to insert the following terms inside the
partition function or correlation functions
Dµ(R) =
χR(z)
dim R
, z = eiβµ, µ = µaλa, (1.5)
where λa (a = 1, . . . , rank) are generators spanning the Cartan subalgebra of G, and µ
a
the associated chemical potentials. χR(z) denotes the character of the group element z
evaluated in the representation R.
2See also [34, 35] and for a different approach see [36, 37].
3
The representation R of the insertion should be the one in the region of the disk
where the Boltzmann factor e−βH is present 3. (For a reader unfamiliar with the dia-
grammatic rules, explicit formulas for the case of SU(2) are given below in equations
(2.30) (partition function) and (2.33) (two point function)). The U(1) case is partic-
ularly relevant in order to solve the low-energy description of complex SYK, with the
parameter µ corresponding to the chemical potential. The non-abelian case generalizes
this solution to other possible SYK-type models with non-abelian global symmetries.
For JT gravity, the presence of defects has the effect of changing the integration manifold
from Diff(S1)/SL(2,R) to other Virasoro orbits MH = Diff(S1)/H, with H being the
orbit stabilizer groups listed below. The action also changes depending on H to
SH [f ] = −C
∫ β
0
dτ{F ◦H f(τ), τ}, (1.6)
where F (τ) is a new variable given in terms of f(τ) in an orbit dependent way as F ◦H
f(τ), with a specific functional relation given below. The variable f is a reparametriza-
tion and therefore always has boundary conditions f(τ + β) = f(τ) + β. The path
integral measure over f is the natural one derived from the symplectic structure ofMH
[23, 24]. The partition functions and correlators are the same as in [32] but with inser-
tions implementing the presence of the bulk defects. For each H, the defect insertions
are
• Elliptic H = U(1)θ
F ◦θ f = tan pi
β
θf, DU(1)θ(k) =
cosh(2piθk)
k sinh(2pik)
. (1.7)
• Elliptic Exceptional H = SLn(2,R)
F ◦n f = tan pi
β
nf, DSLn(2,R)(k) =
sinh(2pink)
sinh(2pik)
. (1.8)
• Hyperbolic H = U(1)λ
F ◦λ f = tanh pi
β
λf, DU(1)λ(k) =
cos(2piλk)
k sinh(2pik)
. (1.9)
• Parabolic H = U(1)0
F ◦0 f = f, DU(1)0(k) =
1
k sinh(2pik)
. (1.10)
3This guarantees that we are computing Tr[e−βH−µQ . . .], with the dots denoting operator insertions.
Putting the defect in different regions would amount to compute a correlator with a different ordering
Tr[e−βH . . . e−µQ . . .].
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For example, the partition function for each deformation is ZH =
∫
dµ(k)DH(k)e
−β k2
2C ,
with the usual density of states dµ(k) = 2k sinh(2pik) and the orbit-dependent defects
DH(k) given above. For H = SL
n(2,R) with n = 1, DH(k) = 1 and one recovers the
usual Schwarzian partition function.
Even though the action (1.6) looks the same in terms of the ‘uniformizing’ coordinate
F (τ) for all orbits, the monodromy of F along the thermal circle depends on H through
the functions F ◦H f listed above. This makes it analogous to turning on a chemical
potential for the compact group case, which can be achieved by adding a non-trivial
holonomy around the thermal circle.
From the 2D Liouville CFT perspective on the Schwarzian theory derived in [32],
we will see, for the orbits (1.7) to (1.10), how these deformations are related to the
insertions of Verlinde loop operators.
So far we ignored another class of coadjoint orbits, called special or exceptional:
• Special/Exceptional H = Tn,λ
F ◦n,λ f = eλf
(
tan
nf
2
+
λ
2n
)
, Dn,λ(k) =
sinh(2pink)
sinh(2pik)
sinh(2piλk)
k
. (1.11)
The precise interpretation of the special/exceptional orbits in (1.11) is more complicated
and, exploiting the connection with 2D CFT, we propose that they are again related to
a certain type of Verlinde loops (see section 7 for details). We then use this connection
to solve the theory by finding the corresponding defect insertion.
Finally, as an aside, we will define an operator in section 4.4, which we will show has
the effect of adding the following defect insertion
DA(k) = 2pik coth 2pik − 1. (1.12)
We will see the expectation value of this operator gives the horizon area.
This work is structured as follows. Section 2 discusses the low-energy action of complex
SYK and the solution for its correlation functions. We generalize to the non-abelian case
and relate the chemical potential to a defect insertion in the diagrammatic language, as
in (1.4). Defects in JT gravity are studied afterwards, and can be read independently.
First a general discussion on the relation between defects and orbits is given in Section
3. Sections 4, 5 and 6 then focus on the specific types of defect one can study (elliptic,
hyperbolic and parabolic). Next to deriving the above formulas, we will provide a ge-
ometric interpretation of these, both as vertical Wilson loops in Chern-Simons theory,
and as Verlinde loops in the ZZ-ZZ system related to Schwarzian QM. A short discussion
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is made on exceptional orbits in section 7 and some prospects for future work are given
in section 8. Supplementary material on orbits in the compact case, their equations of
motion, and degenerate bilocal operators are given in the appendices.
2 Defects in BF: Complex SYK and Global Symmetries
In this section we will review and give some details regarding the low-energy modes of an
SYK-like QM theory with global symmetries. The simplest example is that of complex
SYK theory with a U(1) symmetry [38, 39, 40, 41], although we will also extend it to non-
abelian symmetries. The low-energy system coming from a symmetry G is equivalent to
the QM theory of a particle on the group G. We will review the solution of this theory
and show how turning on a chemical potential is equivalent to inserting a defect in the
bulk two-dimensional description.
2.1 Low Energy Action
In the IR, systems like the complex SYK model have an emergent SL(2,R)× U(1)
symmetry. In the Majorana SYK model, the low energy dynamics is governed by a
reparametrization mode f ∈ Diff(S1). Due to the U(1) global symmetry an additional
mode appears in the complex SYK case, related to an emergent gauge transformation
eiqΛ ∈ U(1). The field Λ is periodic, with a size 2pi/q fixed by the fundamental fermion
charge q.
According to [38], the effective action of this coupled set of pseudo-Goldstone modes
is given by
S[f,Λ] = −C
∫ β
0
dτ
{
tan
pi
β
f(τ), τ
}
− K
2
∫ β
0
dτ
(
Λ′(τ)− iµf ′(τ))2 , (2.1)
with µ = −2piEβ .4 The coupling constant K and C correspond respectively to compress-
ibility and heat capacity of the underlying QM system such as the complex SYK. Both
of them are of order K,C ∼ N/J in the complex SYK system [38]. A shift of the fun-
damental charge from q → q′ is equivalent to a shift of K → K(q/q′)2 and µ→ (q′/q)µ.
Therefore from now on we will fix q = 1, making Λ ∼ Λ+2pi. The dimensionful parame-
ters are C, K, µ and β. By a choice of units we can fix any one of these four parameters,
leaving three dimensionless parameters 2piC/β , 2piK/β and E = −µβ/2pi.
4The total chemical potential for complex SYK is given by µ0 + µ, where µ0 is a zero temperature
chemical potential [38]. Just as E0 or S0, this part is not captured by these Schwarzian-like actions and
only deviations from extremality are accounted for.
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Besides the U(1)global shift invariance, Λ → Λ + α, the action (2.1) is left invariant
by the following combination of SL(2,R) and U(1) transformations, mapping a configu-
ration (f,Λ) into a new one (fn,Λn) by:
tan
pi
β
f =
a tan piβ fn + b
c tan piβ fn + d
, Λ = Λn + iµ(f − fn), ad− bc = 1. (2.2)
To produce a well-defined path integral, we need to treat these symmetries as gauge sym-
metries. This means the path integral is over (Diff(S1)×LU(1))/(SL(2,R)×U(1)global).
This theory is further studied in [42, 43] and was analyzed from a warped CFT perspec-
tive in [44]. In the rest of this section we will point out that it can be solved exactly by
combining ingredients that have separately been solved before [32, 33].
2.2 Partition Function
The action (2.1) couples the SL(2,R) with the U(1) mode. Defining Λ˜(τ) = Λ(τ) −
iµf(τ), we can decouple both sectors at the expense of a twisted periodicity for Λ˜:
Λ˜(β) = Λ˜(0)− iµβ + 2pim, m ∈ Z. (2.3)
Since the gauge mode is periodic, we should really think of this as a group element
g ≡ eiΛ˜ with twisted boundary condition along the thermal circle eiΛ˜ → eiΛ˜eµβ. From
(2.1), the action for Λ˜ becomes a free scalar with this boundary condition.
Since the two modes are decoupled we can compute the partition function of (2.1) as
a product of each contribution separately. Since it is a free theory, the partition func-
tion of the boson Λ˜ with the periodicity above can be computed as a sum over classical
solutions with winding5 6
ZU(1) =
∫
[DΛ˜]e−K2
∫
dτ ˙˜Λ2 =
√
2piK
β
e
Kµ2β
2
∑
m
e
− 2pi2K
β
m2
e
−i 2pi2K
β
µβ
pi
m
(2.4)
=
√
2piK
β
e
Kµ2β
2 θ3
(
i
2piK
β
,−2piK
β
µβ
2pi
)
(2.5)
= θ3
(
i
β
2piK
, i
µβ
2pi
)
=
∑
n
e
−β
(
n2
2K
−µn
)
. (2.6)
5We use θ3(τ, z) ≡∑ qn2/2ηn, with q = e2piiτ and η = e2piiz.
6The path integral is done over the loop group LU(1) modulo a global U(1) thus eliminating the zero
mode of the field. This introduces an ambiguity in the overall factor of the partition function that we
will ignore since it can be absorbed anyways by S0 in equation (2.7) below, after the Schwarzian mode
is included.
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In the first line we compute the fixed winding m partition function, which is straight-
forward since the theory is free, and then sum over m. In the second line we use the
definition of the theta function, while in the third line we use the modular property of
the theta function to write it as a sum over a Hilbert space. The integers m and n can be
interpreted as winding and charge respectively, the first line coming from a direct path
integral evaluation, and the last line from a Hamiltonian treatment of a non-relativistic
particle on S1. Using the definition of the theta function in the last line gives a Hilbert
space interpretation ZU(1) = TrU(1) e
−β(H−µQ), with H = Q2/2K where we sum over
integer charges Q = n. The first term is like a capacitor potential and the second the
chemical potential part of the grand canonical potential.
The winding representation (in m) is better suited for a semiclassical large K limit which
gives logZU(1) ∼ Kµ2β/2. On the other hand, the charge representation (in n) directly
gives the small K limit ZU(1) ∼ 1.
The partition function of the reparametrization mode f can be separately solved ex-
actly [9, 32]. The result is
ZSL(2,R) = e
S0
(
2piC
β
)3/2
e
2pi2C
β , (2.7)
where S0 is a zero-temperature entropy which is not determined by the IR theory. The
full partition function is given by combining (2.7) and (2.5):
Z = ZSL(2,R)ZU(1)
= eS0
(
2piC
β
)3/2( K
2piβq2
)1/2
e
2pi2C
β
+Kµ
2β
2 θ3
(
i
2piK
βq2
,−2piK
βq2
qµβ
2pi
)
, (2.8)
where we include the dependence on fundamental charge q. It is an interesting problem
studied in [42] to find the density of states as a function of energy and charge from this
expression.
Even though it does not appear relevant for SYK applications, we can wonder what
happens if the size of the U(1) group goes to infinity. Then winding (m 6= 0) contri-
butions in (2.4) become suppressed and the sum over charge becomes continuous. This
gives
ZU(1)→R =
(
2piK
β
)1/2
e
Kµ2β
2 =
∫
dq e−β(
q2
2K
−µq). (2.9)
2.3 Correlators
In this section we will analyze and compute the observables of the low energy the-
ory (2.1). We will follow the same procedure as in SYK: find the IR solution to the
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Schwinger-Dyson equations with the emergent enhanced symmetries, and finally inte-
grate over the broken transformations with the action presented in the previous section.
This generates SL(2,R)× U(1) invariant observables that are natural to study from a
purely low energy perspective, regardless of their SYK theory origin.
The IR saddle solution to the complex SYK model analyzed in [38] is given by
G(τ1, τ2) = e
− 2piE
β
τ12
(
1
β
pi sin
pi
β |τ12|
)2`
[Θ(τ12) + e
−2piEΘ(−τ12)], (2.10)
where τ12 = τ1 − τ2. The asymmetry under time reversal is due to the presence of a
chemical potential. To simplify the discussion we will focus on 0 < τ12 < β. Therefore
we can focus on the building block of the correlator as our observable
G(τ1, τ2) = e
− 2piE
β
τ12
(
1
β
pi sin
pi
β |τ12|
)2`
. (2.11)
Transforming this to an arbitrary solution with f(τ) and Λ(τ), we write7
G′(τ1, τ2) = e
− 2piE
β
(f(τ1)−f(τ2))ei(Λ(τ1)−Λ(τ2))
( √
f ′(τ1)f ′(τ2)
β
pi sin
pi
β |f(τ1)− f(τ2)|
)2`
, (2.12)
and we can compute 〈G(τ1, τ2)〉 =
∫
[Df ][DΛ] e−S[f,Λ]G′(τ1, τ2) with action (2.1). Setting
Λ˜(τ) = Λ(τ) − iµf(τ), we can decouple not only the action, but also the two point
function
G′(τ1, τ2) = ei(Λ˜(τ1)−Λ˜(τ2))
( √
f ′(τ1)f ′(τ2)
β
pi sin
pi
β |f(τ1)− f(τ2)|
)2`
, (2.13)
and the coupling between the Schwarzian and U(1) sectors is gone. We can generalize
this observable to a similar one with U(1) charge Q, an integer in units of the funda-
mental charge q.
The SL(2,R) part of the correlator was solved in [32]〈( √
f ′1f ′2
β
pi sin
pi
β |f1 − f2|
)2`〉
=
∫
dµ(k1)dµ(k2)e
− k
2
1
2C
τ− k
2
2
2C
(β−τ) Γ(`± ik1 ± ik2)
Γ(2`)
, (2.14)
where dµ(k) = 2k sinh 2pik is the Schwarzian density of states, and we define τ = |τ12|.
The integral over k can be thought of as an integral over SL(2,R) continous series rep-
resentations.
7This is allowed since Θ(τ1 − τ2) = Θ(f(τ1) − f(τ2)) for any f ∈ Diff(S1) so it does not play any
role in the path integral over Schwarzian mode.
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Now we can focus on the new part, the U(1) factor. We will call g(τ) = eiQΛ(τ) and we
will compute 〈g(τ1)g−1(τ2)〉. Since the theory is free, the two-point bilocal correlator
can be easily computed for the zero-winding sector
〈g(τ1)g−1(τ2)〉m=0 =
∫
[DΛ˜]eiQ(Λ˜1−Λ˜2)e−K2
∫
dτ ˙˜Λ2 =
(
2piK
β
)1/2
e
Kβµ2
2 eQµτe
−Q2τ(β−τ)
2Kβ ,
(2.15)
where the first term is the one-loop contribution and the rest comes from the classical
solution (that includes the charge Q backreaction). Since the theory is free, this is exact.
Including the sum over windings gives
〈g(τ1)g−1(τ2)〉 =
(
2piK
β
)1/2
e
−Q2τ(β−τ)
2Kβ eQµτe
Kµ2β
2
∑
m
e
−i(2pim)Q τ
β e
i(pii) 2piK
β
m2
e
−K (iµβ2pim)
β
=
(
2piK
β
)1/2
e
−Q2τ(β−τ)
2Kβ eQµτe
Kµ2β
2 θ3
(
i
2piK
β
,−2piK
β
µβ
2pi
−Qτ
β
)
. (2.16)
Including the partition function normalization (2.4), gives
〈g(τ1)g−1(τ2)〉 = e−
Q2τ(β−τ)
2Kβ eQµτ
θ3
(
i2piKβ ,−2piKβ µβ2pi −Q τβ
)
θ3
(
i2piKβ ,−2piKβ µβ2pi
) . (2.17)
We can see here how large K fixes m = 0, to exponential accuracy. Moreover, since
in this limit e
−Q2τ(β−τ)
2Kβ → 1, the full correlator is given by the semiclassical answer
〈g(τ1)g−1(τ2)〉 ≈ eQµτ as expected.
Using the modular property of the theta function we can write this in the charge repre-
sentation as
〈g(τ1)g−1(τ2)〉 = 1
ZU(1)
e−
Q2τ
2K θ3
(
i
β
2piK
,
i
2pi
(µβ +
Qτ
K
)
)
, (2.18)
which adding the normalization gives
〈g(τ1)g−1(τ2)〉 = e−
Q2τ
2K
θ3
(
i β2piK ,
i
2pi (µβ +
Qτ
K )
)
θ3
(
i β2piK ,
i
2piµβ
) . (2.19)
If we send K → 0 then 〈g1g−12 〉 ∼ e−
Q2τ
2K . By dimensional analysis, this should be the
same as taking large τ , and so the two-point function goes from eQµτ at small times to
e−
Q2τ
2K for long times.
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Using the definition of the theta function, we can write (2.19) as a sum over charges
〈g(τ1)g−1(τ2)〉 =
∑
n1,n2
e−
n21
2K
τe−
n22
2K
(β−τ) e−µβn2 δn1,n2+Q. (2.20)
We can interpret the factor of δn1,n2+Q as a 3j-symbol of U(1) between representations
labeled by charges n1, n2 and Q, and e
−µβn can be interpreted as a representation n
character. This structure will appear in the non-abelian case as well.
Again, we can take the size of U(1) to infinity, effectively becoming R. Then the corre-
lator is the same, but with a continuous charge
〈g1g−12 〉 =
∫
dq e−
q2
2K
τe−
(q−Q)2
2K
(β−τ)eµβ(Q−q) =
(
2piK
β
)1/2
e
Kβµ2
2 eQµτe
−Q2τ(β−τ)
2Kβ .
(2.21)
To summarize, full correlation functions hence factorize in these U(1) pieces times the
Schwarzian correlator determined in [32]. This then fully solves the low-energy dynamics
of complex SYK, and explicitly the theory defined by (2.1).
The generalization to an n-point function for the SL(2,R) part is straightforward as
shown in [32]. A similar thing happens for the U(1) piece, a general correlator factorizes
when written in the representation as in (2.20).
On the other hand, to compute out-of-time ordered correlators (OTOC), we need to
insert 6j-symbols. For the U(1) sector, these are trivially the product of four Kronecker-
delta’s:8 {
QA n1 n4
QB n3 n2
}
U(1)
= δn1,n2+QBδn2,n3+QAδn3,n4−QBδn4,n1−QA , (2.22)
and we obtain for e.g. the U(1) OTOC four-point correlator:
τ2
τ3
QB QA
τ4
τ1
= Tr
[
g(τ1)g(τ3)g
−1(τ2)g−1(τ4)e−β(H−µQ)
]
=
∑
n1,n2,n3,n4∈Z
δn1,n2+QBδn2,n3+QAδn3,n4−QBδn4,n1−QAe
− n
2
1
2K
τ31e−
n22
2K
τ32e−
n23
2K
τ42e−
n24
2K
(β−τ41)e−µβn4 .
(2.23)
For any diagram, one can always reduce the expression to a single sum and therefore
the correlators are still given by some theta function.
8Generically, most of these delta’s are also present as Clebsch-Gordan coefficients.
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This expression (2.23) (and all correlators above) should be multiplied by the Schwarzian
four-point OTOC (written in e.g. eq. (5.3) in [32]).
Finally, one of the applications of the exact correlators is to extract the long time limit
of correlators after quantum effects become important [45]. For simplicity, take the zero-
temperature limit β−1 → 0. At short times the two-point function of two fields with
dimension ` and charge Q, behaves as G(τ) ∼ τ−2`eQµτ . On the other hand, for times
larger than the scale set by C and K, i.e. τ  C,K, from the analysis below equation
2.19, we get a long time behavior G(τ) ∼ τ−3/2e−Q2τ/2K . The universal 3/2 power law
comes from the Schwarzian sector [45, 32], while the exponential decay comes from a
Coulomb blockade-like effect with energy gap Q2/2K [46, 42]. This behavior cannot be
derived from a semiclassical analysis.
2.4 Holography
The derivation of the low energy effective action (2.1) studied in this section from the
AdS2 bulk is done in appendix C of [47], see also [48, 49].
In a holographic setting, where the global symmetry corresponds to a bulk gauge field
Aµ, this situtation corresponds to adding a chemical potential as the time-component of
Aµ in the black hole f -coordinates:
Aff
′ = At, Af = µ. (2.24)
This constant chemical potential is seen as varying in the t-frame of the wiggly boundary
curve. The choice of in which coordinate frame to fix µ is correlated with the form of
the bilocals (2.12).9 The bulk dual is hence 2d JT gravity and 2d compact BF with a
chemical potential turned on for the latter, with boundary form:
At = g
−1g′ + µf ′, (2.25)
in terms of the boundary group element g = eiΛ and the imposed chemical potential µ.
2.5 Non-abelian extension
So far we have considered an IR low-energy emergent SL(2,R)× U(1) symmetry. We can
generalize this to the SL(2,R) ×G case for a non-abelian group G. From the QM per-
spective, this case might be relevant for example if one studies a N = 4 version of SYK
[50], which has a G = SU(2) global R-symmetry. This will also clarify the role of the
9Fixing At instead leads to the same partition function. The natural bilocal operators to consider
would not have the ∼ E piece, and the resulting computation is identical. The final formulas we obtain
are also valid for these bilocals.
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chemical potential, and more directly connect with the generalizations of the Schwarzian
theory we will consider in the rest of this paper.
There is a straightforward non-abelian generalization of the previous model and in partic-
ular of the action (2.1). One couples the particle on the group G model to the Schwarzian
by introducing r (= rank of g) chemical potentials:
S = −
∫ β
0
dτ
[
C
{
tan
pi
β
f(τ), τ
}
− K
2
Tr
[
g−1g′ + iµf ′
]2]
, (2.26)
where we introduced a set of different chemical potentials µ = µ ·H = µaλa for each
element of the Cartan subalgebra λa.
10 A brief discussion on the classical equations of
motion of the particle-on-the-group action and winding quantum numbers is given in
appendix A.
Similarly to the abelian case, we can decouple the Schwarzian mode from the gauge
mode by a field redefinition. From now on, we will omit the contribution to observ-
ables from the Schwarzian mode. Therefore if we fix K = 1/2, expressions will depend
on temperature β−1 and chemical potential µ. In order to decouple the modes we can
redefine the group element as
g˜ = g · Y, with Y ′ · Y −1 = iµf ′(τ), (2.27)
with Y defined in terms of f by solving this differential equation, and
g˜(β) = g˜(0) · z, z = Peiµ
∫ β
0 dτf
′(τ) = eiµβ ∈ T, (2.28)
where T is the maximal torus of G. These are formally the same formulas as those for
the coadjoint orbit action for non-constant orbits [51]. Just like the abelian case, the
price to pay to decouple the fields is to introduce twisted boundary conditions for the
gauge mode. We will focus in the rest of this section on the gauge mode part, leaving
implicit a factorized contribution from the Schwarzian correlators.
To begin with, we can compute the partition function, generalizing the result in equation
(2.4). The gauge piece is given by the twisted partition function for the particle on the
10H is the vector of Cartan generators.
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group G model:11 12
Z(β, z) ≡ Tr e−βHeiµβ =
∑
R
dimRχR(z)e
−βCR , (2.29)
where the sum is over all irreducible representations R of the group G and CR denotes its
Casimir. The factor χR(z) ≡ TrR z, with z ∈ T , contains the information on the chemical
potentials through equation (2.28). The element z is a non-abelian generalization of
the fugacity in statistical mechanics. If we set z = 1 and therefore χR(z) = dim R, we
obtain the answer for the particle on a group partition function. The role of the chemical
potential is to introduce a defect-like factor of χR(z)/dim R.
The abelian version of the expression above gives ZU(1)(β, z) =
∑∞
n=−∞ z
ne−βn2 , with
representations labeled by the charge n and fugacity z = eiµβ, which is expression (2.6)
above.
Next, we consider the simplest non-abelian case of SU(2). One has only one Cartan
generator, and the partition function is
ZSU(2)(β, z) =
∑
j∈N/2
(2j + 1)
sin
((
j + 12
)
µβ
)
sinµβ
e−βj(j+1), (2.30)
where the sum is over the half-integer spin j that labels the representation.
Note that these expressions are periodic as µβ → µβ+2pi. This indicates that it already
includes non-trivial winding modes, analogous to the sum in the first line of (2.4).
The observables of this theory are bilocal fields defined as a straightforward general-
ization of the U(1) case. We can define a bilocal observable as
GR,M (τ1, τ2) = [g˜(τ1)g˜
−1(τ2)]RMM , (2.31)
where we consider the MM matrix element of the group element in the representation
R of the group.13 Based on symmetry arguments, we will take the natural observables
from an SYK with non-abelian symmetry perspective to have the same structure as the
abelian case. Namely the reparametrization mode part decouples from the G-symmetry
part, when written in terms of g˜ with a fugacity-dependent monodromy g˜(τ+β) = g˜(τ)·z.
11The chemical potential Cartan matrix defined here differs from the U(1) case by an additional i
factor.
12Strictly speaking, the symplectic path integral is over LG/G, and hence there should be an overall
1/vol G factor. This factor can be absorbed into the zero-temperature entropy S0 and is dismissed here.
It will cancel out in any case for correlation functions. For non-compact groups it is important and it
is precisely this factor that causes the Schwarzian partition function (2.7) not to have an overall volume
factor. Some more details on the compact case can be found in Appendix C of [33].
13Off-diagonal bilocals can be considered, but vanish for the specific case of the two-point correlator
studied here. See [35] for details.
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This is an obvious generalization of equation (2.13).
The theory of a particle on a group with a non-trivial monodromy can be solved ex-
actly (see [33, 35] for an approach relevant to the discussion here). The expectation
value of the bilocal defined above is given by
〈GR,M (τ)〉 ≡ 1
Z
Tr
[
GR,M (τ)e
−βHeiµβ
]
=
1
Z
∑
R1,R2,m1,m2
dim R1 χR2(z) e
−CR1τe−CR2 (β−τ)
(
R1 R2 R
m1 m2 M
)2
, (2.32)
where we normalized the expectation value by the partition function Z (2.29) which
is a function of the group G, β and z. This expression has the same structure and
generalizes the abelian U(1) case, in the form given in equation (2.20). In the SU(2)
case, the expectation value of a bilocal spin-J field becomes
〈GJ,M 〉 → 1
Z
∑
j1, j2 ∈ N/2
|j1 − j2| ≤ J ≤ j1 + j2
(2j1 + 1)
sin
((
j2 +
1
2
)
µβ
)
sinµβ
e−j1(j1+1)τe−j2(j2+1)(β−τ)
1
2J+1
.
(2.33)
At very low temperatures β → ∞, since R2 is set to the identity, the correlator decays
with Euclidean time as 〈GR,M (τ)〉 ∼ e−CRτ . We can interpret this as a non-Abelian
version of the Coulomb-blockade with a blockade energy given by E = CR/2K, after
reinserting units.
The main lessons from this section, besides the explicit solution of the theory, comes
from the structure of the correlators. Take for example a six-point function, whose
correlator can be diagrammatically represented as
〈G1G2G3〉 = (2.34)
where the bulk represents a hyperbolic disc on which a BF theory lives with gauge group
G. Boundary bilocal fields are represented by Wilson lines through the bulk. Each re-
gion in the bulk is labeled by a representation R, and each boundary segment has a
propagation factor e−CRτij , while a line ending on the boundary comes with a 3j-symbol.
The tick on the outer circle denotes the location of the Boltzmann factor e−βH in the
thermal trace, and is where we insert the chemical potential defect. For more details on
these rules see [32] for the Schwarzian case and [33, 35] for the compact case.
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The chemical potential, through the twisted periodicity, is equivalent to inserting a de-
fect in the bulk description, contributing a factor Dµ(R) ≡ χR(z)dim R associated to the
representation R of the region where the defect lives.
This defect insertion was treated in appendix A of [35] and interpreted as a vertical
Wilson line for the χ-field in the bulk BF Lagrangian TrχF . Let us provide a sketch of
how the bulk defect relates to the monodromy of the boundary group element. If one
inserts a defect into the BF path integral with action (1.2) of the type Trλ e
κχ for some
irrep λ, then integrating over χ yields the equation F (x) = κw−1λw δ(x − y),14 solved
by pure gauge fields A = gdg−1 where the group element g has a monodromy:
g(t+ β) = g(t)Uα, Uα = e
−2piκλ·H . (2.35)
This rewrites the bulk BF theory in terms of a boundary group element g. Substituting
this back in the BF action and taking care of the boundary action, one obtains the
particle-on-a-group model [33]. This argument is made more elaborate in appendix B.2.
3 Defects in JT gravity: Classification and Orbits
Here we initiate a classification of the different defects in JT gravity, and how they
link to the Schwarzian models. We will combine two perspectives on this problem: the
gauge-theoretic BF formulation of Jackiw-Teitelboim gravity, as studied in [33, 35, 25]
and the Liouville CFT perspective offered in [32].
Most of the material in this section is not new, and can be viewed as a literature survey
emphasizing the parts that will be relevant to us in later sections.
In [20, 21, 22], it was proven that the JT action (1.3), in a region with boundary curve
specified by a constant (large) value of the dilaton Φ ∼ a/ and asymptotically Poincare´
boundary conditions on the metric gµν , can be rewritten in terms of the Schwarzian
action:
S = −C
∫
dτ {F, τ} , C = a
16piGN
. (3.1)
This argument is local and is insensitive to possible monodromies of the field F as one
goes around the thermal circle. So here we want to be more careful and understand this
at the same level as we did for the compact BF case above.
14The w degrees of freedom are microscopic “color” variables that upon integrating out, give rise
to Wilson lines (see e.g. [52]). Mathematically, they are needed to move the trace operation into the
exponential by integrating in new dummy variables w. See also [53] for a particularly transparant recent
exposition.
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The main statement we want to make is:
Defects in the gauge group G BF and JT models are in one-to-one correspondence with
the (constant representative) coadjoint orbits of the loop groups L̂G or d̂iff S1.
For BF with compact gauge group, the link with coadjoint orbits is reviewed in ap-
pendix B. As well-known, irreducible representations can be embedded within the orbits
by quantization techniques. Integrality of the Kahler form then discretizes the orbit
parameter. What we illustrate there, is that for centrally-extended loop groups L̂G
in the large level limit k → +∞, the discrete subset of representation labels becomes
dense in the set of orbits, and one finds a one-to-one mapping between conjugacy classes
(monodromies) of G and orbits of L̂G.
3.1 From defects to monodromies
Now we study the JT gravity story, related to the non-compact centrally extended group
D̂iff(S1). Our first goal is to relate defects to boundary monodromies.
We first remind the reader how topological defects appear in the higher-dimensional
AdS3/CFT2 set-up. Consider the 3d asymptotically global AdS space (Figure 1 left),
with angular coordinate φ. For any fixed value of the holonomy along the φ-direction,15
t
f t
BF
A0
Af , Af 
Figure 1: Left: AdS3 global spacetime with a defect along the time direction (green), measured
by the holonomy integrals
∮
Aφ and
∮
A¯φ. Right: Defect in 2d Jackiw-Teitelboim gravity (green),
measured by the holonomy integral
∮
A0.
the gravitational path integral reduces to a theory of boundary gravitons surrounding a
defect in the bulk that depends on the holonomy. Just as in the compact scenario, one
can interpret these defects as vertical Wilson lines.
Elliptic monodromies correspond to massive point particles, with an angular deficit along
their worldline, and hence a conical geometry. Hyperbolic monodromy yields macro-
scopic “holes” in the bulk, and corresponds to BTZ black holes. The parabolic case in
15This is measured most naturally within the gauge theory formulation as Pe
∮
Aφ and Pe
∮
A¯φ .
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between corresponds to the Poincare´ vacuum.
In the 2d JT case, we will impose a non-trivial monodromy along the τ -direction in-
stead and insert defects into the thermal disk (Figure 1 right). Analogously as in 3d, it
is convenient to formulate the question on defects in terms of the possible holonomies of
the gauge connection A. The identification of JT gravity with SL(2,R) BF gauge theory
was first made in [30]. In the first-order formulation of JT gravity, one writes the gauge
connection A in terms of the zweibein ea, a = 1, 2 and spin connection ω as:
A = eaλa + ωλ3, F = (De)
aλa + F
3λ3, (3.2)
with the bulk BF action S = K2pi
∫
TrχF for which the a = 1, 2 constraints impose the
geometry is torsionfree (De)a = 0, and the a = 3 constraint enforces R = −2. Inserting
a Wilson line defect of the type Trλe
iκχ, we can write:
Trλe
iκχeiSBF =
∫
dwe−iκTr
(
λw−1χw
)
ei
K
2pi
∫
TrχF , (3.3)
in terms of an auxiliary group element w. One can perform a global G-transformation
χ → wχw−1, F → wFw−1, and we can remove the w-dependence completely. Since λ
is in the Cartan algebra ∼ λ3, this means it is always possible to change G-frame to put
the defect in the curvature entirely:16
F 3 = κ
2pi
K
λδ(x− y) ⇒ R = −2 + αδ(x− y), (3.4)
which we will study further on around equation (4.7).
In the case that there is a boundary, there is a particle on the group G living on the
boundary surface. For gravity, there are additional gravitational constraints and the
SL(2,R) group element g is further constrained at the holographic boundary by
Aτ ≡ g∂τg−1 =
(
0 −T (τ)2
1 0
)
, (3.5)
in terms of what turns out to be the energy CT (τ).17 Holonomies of A around the
time-direction are linked to monodromies of the group element g(τ) as one circles the
thermal circle. The latter are classified by the well-known conformal structure of Hill’s
16This seems no longer possible when considering multiple defects, and this is a possibility we defer
to future work. See also [54, 55] for related comments in the AdS3/CFT2 set-up.
We thank K. Jensen for a discussion about this.
17These conditions can be found, for example, by direct dimensional reduction from 3d AdS gravity.
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equation as we review here. Writing g−1 =
(
A(τ) B(τ)
C(τ) D(τ)
)
we can rewrite (3.5) as
A′′ +
1
2
T (τ)A = 0, B = A′, (3.6)
C ′′ +
1
2
T (τ)C = 0, D = C ′, (3.7)
with SL(2,R) constraint AC ′−A′C = 1. The most general solution g−1 is then found as
a linear combination of one specific solution, by taking one such solution and applying
an arbitrary SL(2,R) matrix S−1:
g−1 = S−1 ·
(
A A′
C C ′
)
, (3.8)
the SL(2,R)-constraint on S−1 coming from respecting the Wronskian condition, or one
has the equivalence relation:
g ∼ g · S, S ∈ SL(2,R). (3.9)
As well-known, depending on T (τ), the solutions of Hill’s equation (3.6) can have non-
trivial monodromies:
g(τ + β) = g(τ) ·M, (3.10)
which, combined with the equivalence relation (3.9), leads to only dependence on con-
jugacy classes of monodromies:
M ∼ S ·M · S−1, (3.11)
the latter having been classified into elliptic, parabolic and hyperbolic classes.
Fixing M to any given desired form by tuning S, is not in general a unique procedure:
all S satisfying [S,M ] = 0 preserve M . As this residual symmetry transformation boils
down from the global G invariance (3.9), it is a residual gauge redundancy that should
be modded out.
Under the monodromy transformation, the ratio A/C ≡ F , which is the uniformizing
coordinate F , transforms under the Mo¨bius transformation:
F (τ + β) = M · F (τ) ≡ aF (τ) + b
cF (τ) + d
, M−1 =
(
a b
c d
)
. (3.12)
This variable, being the ratio of two independent solutions of Hill’s equation with unit
Wronskian, satisfies
{F (τ), τ} = T (τ), (3.13)
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and can be interpreted as a uniformization coordinate associated to an energy density
T (τ).
Conjugacy classes of the monodromy matrix can be divided into hyperbolic, parabolic
and elliptic. Before reviewing more details on them, we will explain a connection with
Virasoro coadjoint orbits that will be central in what follows. This idea is not new and
it is nicely reviewed, for example, in [56, 57], which we summarize below.
3.2 From coadjoint orbits to monodromies
The Virasoro group, which we simply denote by Diff(S1), is given by a central extension
of reparametrizations of the circle, which we will parametrize by τ ∈ [0, 2pi).18 Vec-
tors in the algebra are given by infinitesimal reparametrizations ξ(τ)∂τ plus the central
element. Coadjoint elements are given by quadratic differentials which transform as a
chiral stress-tensor of a 2d CFT. We will conveniently denote them by T (τ)dτ2 (plus a
central element which we will take to be constant and equal to c).
Associated to each T (τ) we can generate a coadjoint orbit by an arbitrary reparametriza-
tion. Classifying coadjoint orbits consist on finding the stabilizer group H ∈ Diff(S1)
leaving the profile T (τ) invariant, and also finding the reparametrization inequivalent
profiles of T . This gives rise to the orbit Diff(S1)/H. Orbits with a constant represen-
tative ∂τT = 0 are usually labeled by the parameter b0 = T .
The condition for an infinitesimal element ξ(τ) to leave the profile invariant is
δξT = ξ∂τT + 2T∂τξ − c
12
∂3τ ξ = 0. (3.14)
Then the problem of classifying orbits ends up being equivalent to classifying solutions of
δξT = 0. If ψ1(τ) and ψ2(τ) are independent solutions of Hill’s equation ∂
2
τψ =
6
cT (τ)ψ,
then ξ(τ) ∈ H is a linear combination of ψi(τ)ψj(τ) for i, j = 1, 2. Therefore, the possible
stabilizers H and inequivalent T (τ) (the distinct coadjoint orbits) are in correspondence
with conformally non-equivalent solutions of Hill’s equation, which are labeled by the
monodromy conjugacy class of ψ(τ). The number of generators in H depend on the pos-
sible ways to combine ψ1 and ψ2 into a reparametrization ξ(τ) with correct periodicity.
Having described the connection between monodromy and coadjoint orbits we give a
list of representative of each class
18After talking the Schwarzian limit, this coordinate will be interpreted as Euclidean time with a size
that will be rescaled to β.
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• Elliptic Case: A representative of the elliptic conjugacy class of monodromies is
M =
(
cos(piθ) sin(piθ)
− sin(piθ) cos(piθ)
)
∈ PSL(2,R). (3.15)
This class is related to the coadjoint orbit Diff(S1)/U(1) for θ 6= Z. Representatives
of this orbits are the constant coadjoint elements T = b0 = − c24θ2. When θ =
n ∈ Z the stabilizer group gets enhanced to SLn(2,R), giving rise to the orbits
Diff(S1)/SLn(2,R) with representative T = b0 = − c24n2. For n = 1 this gives the
vacuum orbit Diff(S1)/SL(2,R), corresponding to JT gravity without defects.
• Hyperbolic Case: A representative of the monodromy in this case is
M =
(
cosh(piλ) sinh(piλ)
sinh(piλ) cosh(piλ)
)
∈ PSL(2,R). (3.16)
This corresponds to an analytic continuation θ → iλ of the orbits Diff(S1)/U(1)
with representative T = b0 =
c
24λ
2. This can be generalize to M → (−1)nM for
integer n, giving rise to the exceptional orbits Diff(S1)/Tn,λ, characterized by a
τ -dependent representative T (τ).
• Parabolic Case: A representative of this case is
M =
(
1 q
0 1
)
∈ PSL(2,R), q = ±1, (3.17)
which corresponds to a particular case of Diff(S1)/U(1) with T = b0 = 0. Sim-
ilarly by generalizing by M → (−1)nM is associated to the exceptional orbits
Diff(S1)/Tn,sgn(q), also with a non-constant profile T (τ).
3.3 Twisted Schwarzian Models
This list of monodromies and Virasoro orbits in the previous section has been known for
a long time. Associated to each of the orbits, is a phase space path integral which can
be interpreted as a 2D field theory
ZH(q = e
−βAS ) =
∫
Diff(S1)/H
[Df ] e−S[f ], h ≡ b0 + c
24
, (3.18)
with an action found by Alekseev and Shatashvili [23]
S =
c
12pi
∫ βAS
0
dτAS
∫ 2pi
0
dσAS
(
i
[
f˙
4f ′
(
f ′′′
f ′
− 2
(
f ′′
f ′
)2)
− b0f˙f ′
]
+ {F ◦H f, σAS}
)
,
(3.19)
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where primes denote derivatives with respect to the coordinate σAS and dots with respect
to τAS . Compared to the previous section, we interpret τ ≡ σAS as the 2d spacelike
coordinate. The phase space of the Alekseev-Shatashvili theory is spanned by f(σAS) ∈
Diff(S1), and the 2d time evolution is parametrized by τAS .
The precise function F ◦H f depends on the particular orbit and will be given below.
The parameter b0 labels the representative coadjoint element of the orbit. h as a function
of b0 denotes the dimension of the single Virasoro representation appearing in the Hilbert
space defined by quantizing the coadjoint orbit with label b0 [24].
Here we study the models that can be obtained by performing a double-scaling limit
mentioned above [32], to find the full list of twisted Schwarzian models. This limit
dimensionally reduces this theory such that the τAS dependence disappears, and we are
left with only the σAS ≡ τ dependence. This is intended to stress the fact that the
spatial circle in the Alekseev-Shatashvili theory becomes the Euclidean time circle in
the Schwarzian theory.
For a constant choice of the parameter b0, these path integrals compute characters
ZH(q) = χh(q) of the Virasoro highest-weight representations since this is the full con-
tent of the Hilbert space. Moreover, at large c, the set of all Virasoro highest-weight
representations is spanned by all constant b0 ∈ R (Figure 2).19 The relation between the
h
(c-1)/24
0
unitary
non-unitary
q = 0
q = 1
-(c-1)/24q = 2
elliptic deficit
surplus
parabolic
hyperbolic
l > 0
Figure 2: Scheme of all Virasoro highest weight representations at large c. Hyperbolic, parabolic
and elliptic orbits span all representations. Both unitary and non-unitary representations are
required.
coadjoint element b0 and the monodromy label λ ≡ iθ is given in the large c limit by:
h = b0 +
c
24
=
c
24
+
c
24
λ2 (hyperbolic) (3.20)
=
c
24
− c
24
θ2 (elliptic). (3.21)
We see that this matches the values of b0 given in the previous section after removing
the zero-point energy c24 .
19For c < 1, one has to consider the minimal models series as well. But we are interested in the
opposite regime.
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In a dimensional reduction where c → +∞ and simultaneously βAS =
∫
dτAS → 0
keeping the product C ≡ βAS · c fixed, one finds (3.18) reduces to the Euclidean path
integral:
ZH(β) =
∫
Diff(S1)/H
[Df ] eC
∫ β
0 dτ{F◦Hf(τ),τ}, (3.22)
with the usual measure [Df ] = ∏τi df(τi)/f ′(τi) [23, 24].20 As anticipated, note that
time and space have switched role here and we relabeled σAS → τ . We also rescaled the
size of the circle from 2pi to β. These can be called twisted Schwarzian models.21
The uniformizing variable F (τ) is given in terms of f(τ) in a way that depends on the
orbit. For the elliptic case it is given by F ◦θ f(τ) = tan piβ θf(τ) (this relation being still
valid even if θ ∈ Z). Hyperbolic orbits have F ◦λ f(τ) = tanh piβλf(τ). Parabolic orbits
have F (τ) = f(τ). The exceptional hyperbolic orbits Tn,λ can be made by using the
reparametrization
F ◦n,λ f(τ) = eλf(τ)
(
tan
nf(τ)
2
+
λ
2n
)
. (3.23)
Finally, the exceptional parabolic orbits Tn,, where  = ±1, use
F ◦n, f(τ) = f(τ)
2pi
− 2
n
cot
nf(τ)
2
. (3.24)
The vacuum (n = 1) SL(2,R) orbit is ubiquitous in the entire SYK literature. The
hyperbolic U(1) orbit appeared first in this context in [9] and is studied further in
[27, 25] to glue JT disks together and obtain more general topologies. The different
Schwarzian models also appear in [26] in a de Sitter context, where they are dubbed the
γ-Schwarzians.
Next we characterize the structure of the functional space in each of these models (3.22).
The Virasoro coadjoint orbit energy functional can be written as:
EH [f ] ≡
∫ β
0
dτ {F ◦H f(τ), τ} , (3.25)
and is identified as the Schwarzian action S[f ] we use. It can be shown directly that for
each orbit this functional is unbounded from above.
Boundedness of the energy functional from below is a sufficient condition for conver-
gence of the Euclidean Schwarzian path integral. Moreover, whenever a minimal energy
configuration exists in the orbit, this is also the unique Euler-Lagrange solution of the
20If we would keep the full 2D before taking semiclassical limit, we would get an effective theory for
the pseudo-Goldstone mode of broken conformal transformations in 2D [58].
21Since the size of the τAS circle, βAS , is going to zero, configurations with f˙(σAS , τAS) 6= 0 are
highly suppressed. Restricting to τAS independent fields kills the term in brackets appearing in the
action (3.19), giving the simpler 1D action appearing in (3.22).
23
Schwarzian system.
The elliptic (with 0 ≤ θ ≤ 1), the hyperbolic and the vacuum orbit (θ = 1) all have the
saddle as the lowest action configuration.
The exceptional elliptic (θ > 1, including θ = n) orbits on the other hand are unbounded
below.22 Indeed, linearizing the Schwarzian with f(τ) = τ + (τ), with (τ + 2pi) = (τ),
one writes
{
tan θ f2 , τ
}
= −12
[
θ2′2 − ′′2] (here we set β = 2pi to simplify). Expanding
the general fluctuation in modes (τ) =
∑
m∈Z me
imτ with −m = ∗m, we get the action:
1
2
∫ 2pi
0
dτ
[
′′2 − ′2] = pi∑
m∈Z
|m|2 (m4 − θ2m2), (3.26)
which is always positive for 0 ≤ θ ≤ 1, but can change sign for θ > 1. There are
hence unstable directions for the winding orbits θ > 1. Setting θ → iλ shows that the
hyperbolic orbits for any real λ are stable.
The exceptional orbits Tn,λ and Tn, do not have elements in their orbits with constant
value of {F (τ), τ}. But the Schwarzian equation of motion, for all orbits, is energy
conservation:
∂τ {F (τ), τ} = 0. (3.27)
This means there is no classical solution to the equation of motion in this case, and
there are hence no relative extrema to be found in the action functional S[f ], which is
unbounded from above and below.
A cartoon of the action functional is shown in figure 3.
The purpose of the rest of the paper is to solve this theory for each choice of orbit,
therefore solving JT gravity in the presence of defects. We will do this by exploiting
the connection between this theories and a semiclassical finite temperature limit of 2d
Virasoro CFT developed in [32]. We will summarize the main features in the next
section.
3.4 Orbits and Branes
There is a convenient way to think about the Virasoro representations in terms of 2d
Liouville CFT between suitable branes. The connection between the Schwarzian theory
and 2d Liouville was extensively discussed in [32], see also [34, 33]. Here we will point out
the most important features needed to solve the theory defined in the previous section
by getting the twisted Schwarzian theories as limits of Liouville between different kinds
of branes.
22This means the Schwarzian path integral is not guaranteed to be convergent. However, our deriva-
tion demonstrates the final answer is finite as well. The would-be Duistermaat-Heckman result is indeed
the correct one, and the partition function is one-loop exact, but a perturbative calculation is a priori
not allowed.
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Exceptional EllipticElliptic 0 < q < 1
Hyperbolic 
Exceptional Hyperbolic
Exceptional Parabolic
f f f
S S S
q >1   
Figure 3: Schematic situation of the action S[f ] in functional space. The elliptic (0 ≤ θ ≤ 1)
and hyperbolic orbits have a unique and stable saddle solution. The exceptional elliptic (θ > 1),
including the higher θ = n orbits, have a unique saddle solution, but it has unstable directions.
The exceptional hyperbolic and parabolic orbits have no extrema at all and are unbounded in
action both from above and below.
Start with the case of the Schwarzian theory with H = SL(2,R), which is connected
with Liouville in the following way. Consider 2D Liouville theory with central charge
c = 1 + 6Q2, Q = b+ b−1, between two identity ZZ-branes [59] separated by a distance
β/2, at finite temperature in an annulus with modular parameter q. These bound-
ary conditions are described, following Cardy, as a boundary state |B〉 expanded in
Ishibashi states as |B〉 = ∫ dP ΨB(P )||P 〉〉. According to Cardy’s classification, the pos-
sible boundary states B are labeled themselves by primary operators of the theory. Here
P denotes the Liouville momentum which labels states of dimension ∆ = α(Q−α) with
α = Q2 + iP . For the identity brane the wavefunction is
23
Ψ(1,1)(P ) =
2piiP
Γ(1− 2ibP )Γ(1− 2iPb )
. (3.28)
This theory can be mapped to a chiral CFT on the torus, where the role of the ZZ-branes
is to project the Hilbert space to the identity representation.
Take a finite temperature semiclassical limit c → ∞ and q → 1 with qc fixed. Then
this dimensionally reduces the theory to a circle τ ∈ S1 of size β. In the closed channel,
this semiclassical limit zooms into P = kb (or dimensions very close to c24). This 1d
reduction becomes the Schwarzian theory, with the spatial 2d dimension becoming the
23The label on the identity (1, 1) arises from the set of degenerate Virasoro modules labeled by two
integers (m,n) with momentum P = i
2
(m/b+ nb), which for m = n = 1 becomes the identity.
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Euclidean time in the 1d theory.24
Below we will enumerate all ways to reproduce the path integrals over any coadjoint
orbit by replacing one of the boundary states in the Liouville construction.
• Elliptic Case SLn(2,R): Let’s begin with the H = SL(2,R) n = 1 case. This
case is constructed from the semiclassical limit of 2d Liouville between identity ZZ-
branes described above. The Hilbert space of the 2d theory is the identity module of
Virasoro, which in the semiclassical limit becomes the phase space Diff(S1)/SL(2,R).
The generalization to H = SLn(2,R) is obtained by simply replacing one of the
identity branes by a (1, n) ZZ-brane, with wavefunction
Ψ(1,n)(P ) = Ψ(1,1)(P )
sinh 2pinP/b
sinh 2piP/b
. (3.29)
This produces a Hilbert space consisting of only the (1, n) module. In the semiclas-
sical limit this becomes the phase space Diff(S1)/SLn(2,R).25
• Hyperbolic Case: To obtain the hyperbolic H = U(1) orbits we consider one
identity ZZ-brane and one FZZT-brane, labeled by Liouville momentum s with
wavefunction
Ψs(P ) = Ψ(1,1)(P )
cos 4pisP
2 sinh(2pibP ) sinh(2piP/b)
, (3.30)
which has the Hilbert space consisting of a single module with momentum s and
dimension ∆ = Q
2
4 + s
2. To match with the semiclassical phase space Diff(S1)/U(1)
we set s = λ/2b in the b → 0 limit. Their dimension scale as ∆ = c−124 (1 + λ2) and
are above the c−124 threshold.
• Elliptic Case U(1): To obtain the H = U(1) orbits we consider one identity ZZ-
brane and one FZZT-brane with parameter s. For the orbit to be elliptic we need to
continue s = iθ/2b, giving Ψis(P ) ∼ cosh 4pi|s|P . The momentum is related to the
size 2pi/θ of the U(1) group. The dimensions of these states scales like = c−124 (1−θ2)
and sit below the c−124 threshold. Since these FZZT-branes carry an imaginary
momentum label we will refer to them as iFZZT-branes to distinguish between both
cases.
• Parabolic Case: This case is obtained by considering one identity ZZ-brane and
one FZZT-brane with s→ 0 (this limit can be taken either in the elliptic or hyper-
bolic direction). The Hilbert space corresponds to a single module of momentum
s = 0 and therefore sits at the threshold ∆ = c−124 .
24This is very similar to the reduction that turned the Alekseev-Shatashvili 2d action into the
Schwarzian 1d action. The reason is simply that both 2d theories are actually the same up to a change
of variables [32].
25 These degenerate representations are not unitary at large c unless n = m = 1. We will see a similar
problem in the H = SLn(2,R) Schwarzian in section 4.
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In section 4 we will study in more detail JT gravity with elliptic defects and its corre-
sponding elliptic deformation of the Schwarzian theory. In section 5 and 6 we will study
the hyperbolic and parabolic cases respectively. So far we have ignored the exceptional
orbits, leaving some comments for section 7.
4 Elliptic orbits U(1)θ and SL
n(2,R): conical singularities
In this section we will focus on orbits related to solutions of Hill’s equation with elliptic
monodromy. Following the notation of the previous section, setting F (τ) = tan piβ θf(τ),
with f(τ + β) = f(τ) + β leads to an elliptic monodromy since:
F (τ + β) = tan
(
pi
β
θf(τ) + piθ
)
=
F (τ) + tan(piθ)
1− tan(piθ)F (τ) , (4.1)
identifying the monodromy matrix M as:
M =
(
cos(piθ) sin(piθ)
− sin(piθ) cos(piθ)
)
∈ PSL(2,R), (4.2)
indeed in the elliptic class. Setting θ = n ∈ Z leads to no holonomy, and is the standard
thermal parametrization of F (τ) with F (τ + β) = F (τ). This degenerate case is often
also called parabolic monodromy, although distinct from the parabolic case we study
further on.
The full system plus the boundary condition F (τ + β) = M · F (τ) is left invariant
under F (τ) → S · F (τ), ∀τ for all matrices S that commute with M . For M of elliptic
monodromy type (4.2), S is a rotation matrix. Applying a rotation to F (τ), one finds
a U(1) symmetry transformation f → f + const, rigid rotations around S1. This is
hence related to the Diff(S1)/U(1) orbit of the Virasoro group. The size of the U(1)
stabilizer circle is related to the parameter in the monodromy matrix by RU(1) = β/θ.
In the special case that θ ∈ Z, the entire SL(2,R) is a gauge redundancy leading to the
SLn(2,R) orbits.
4.1 AdS2 perspective
We now illustrate that this type of defect is holographically connected to a conical deficit
in the bulk geometry. In terms of the conformal gauge bulk metric
ds2 =
∂+X
+∂−X−
(X+(x+)−X−(x−))2dx
+dx− = e2φ(x
+,x−)dx+dx−, (4.3)
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describing a patch of AdS2, one can extrapolate the boundary reparametrization into
the bulk using X±(x) = F (x).26 The relation F (t) = tan piβ θf(t) then leads to the bulk
frame X± = tan piβ θx
± with orbit parameter θ. One finds the bulk metric
ds2 =
dx+dx−
sinh2 piβ θ(x
+ − x−) , (4.4)
with x
++x−
2 ∼ x
++x−
2 + β, the thermal identification. Close to the horizon x
+ − x− →
+∞, setting r = e−piβ θ(x+−x−), one obtains the metric:
ds2 ≈ r2dτ2 +
(
β
2piθ
)2
dr2, τ ∼ τ + β. (4.5)
With the time coordinate τ˜ = 2piθβ τ , this is flat space with a conical identification 2piθ.
The case where θ ∈ N consists of replicated geometries. The metric (4.4) describes a
Liouville worldsheet metric with a local puncture, interpreted as a conical deficit in JT
gravity. The fact that the gravitational bulk carries the Liouville metric identifies the
bulk as the kinematic space of the boundary Schwarzian [32, 60, 61].
The total energy T (τ) of this configuration is
T (τ) = C {F, τ} = 2pi
2C
β2
θ2. (4.6)
We start anew with the JT path integral and insert a defect of the dilaton as follows:27∫
[DΦ] [Dgµν ] eαΦ(y)e− 116piG
∫
Φ(R+2)+Sbdy . (4.7)
Path-integrating Φ results in the constraint R(x) = −2 + α16piGδ(x − y), which is
AdS2 space with a conical singularity at the prescribed point y.
28 The thermal path
integral with this insertion can be viewed as defining a conical ensemble: all off-shell
configurations have to respect the presence of the conical deficit.
This conical defect is measured by taking an infinitesimal disk surrounding the defect
and computing: ∫
R = α16piG = 4pi(1− θ), (4.8)
26Of course, other bulk extrapolations exist, corresponding to choosing a bulk gauge, but the presence
(or absence) of a conical singularity is a diff-invariant property, and we are hence free to choose the
extrapolation that is most convenient for us.
27This seems to define a non-diff invariant operator location y. However, the result will only depend
on the topological sector of the location y in the bulk diagram.
28As emphasized around (3.4), one can always choose a global G-frame to write the defect in this
way.
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where the Gauss-Bonnet theorem for a conical deficit 2pi(1− θ) was used. This equation
provides a direct relation between the parameter α and the orbit parameter θ. This
identifies the JT path integral with given Φ-insertions, and the classical Liouville problem
of finding negatively curved metrics with given set of punctures. This problem, instead
of being the semi-classical approximation, is lifted to the full quantum regime.
4.2 Correlators
In this section we will summarize some results for observables in the analogue of the
Schwarzian theory when the integration manifold is over an elliptic coadjoint orbit of
the Virasoro group.
We will begin with the case of Diff(S1)/U(1) with non-integer size θ. This theory
can be solved by relating it to a semiclassical finite temperature limit of 2d Liouville
theory between a ZZ identity brane and an iFZZT brane, with details explained in [32].
The size of the U(1) group θ is related to the Liouville momentum s labeling the iFZZT
brane. We will present the final results in this section and give more details on this
perspective in section 4.3.
To begin, we will present the result for the exact partition function for the Mθ ≡
Diff(S1)/U(1) elliptic coadjoint orbit
Z(β, θ) ≡
∫
Mθ
[Df ] eC
∫ β
0 dτ{tan piβ θf(τ),τ}
= 2
∫ +∞
0
dk cosh(2piθk)e−β
k2
2C =
(
2piC
β
)1/2
e
2pi2C
β
θ2
, (4.9)
and therefore the density of states for a U(1) orbit is µθ(k) = 2 cosh(2piθk). To obtain
this result, start from the 2d Liouville setup between a ZZ-brane and an iFZZT brane.
This can be done either using the wavefunctions of the boundary states, or realizing the
2d partition function is simply a Virasoro character, and taking the semiclassical limit
expained in [32]. This partition function was independently computed by [9] using the
Duistermaat-Heckman theorem.
At special values of θ = n ∈ N, the gauge redundancy gets enhanced and one finds
the Mn ≡ Diff(S1)/SLn(2,R) orbit. Even though the action is the same, the space
of integration for f(t) is completely different, and therefore for example the partition
function is not equivalent to replacing θ → n. From the Liouville perspective, we need
to replace an iFZZT brane by a ZZ brane with label (1, n). Taking the appropriate limit
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gives the partition function
Z(β, n) ≡
∫
Mn
[Df ] eC
∫ β
0 dτ{tan piβ nf(τ),τ}
=
∫ +∞
0
dk2 sinh(2pink)e−β
k2
2C = n
(
2piC
β
)3/2
e
2pi2C
β
n2
, (4.10)
and therefore the density of states for the SLn(2,R) orbits is µn(k) = 2k sinh(2pink).29
This coincides with the previously studied Diff(S1)/SL(2,R) orbit when n→ 1 and gen-
eralizes this result. The power 3/2 in the one-loop contribution comes from the number
of zero-modes. When n 6= 1 these modes are unstable, making a perturbative formula-
tion of the theory ill-defined [21]. This is related to the fact that this setup corresponds
to a Hilbert space that is not unitary in 2d (see footnote 25), see also [55]. Neverthe-
less, our 2d perspective still gives a good non-perturbative definition of the SLn(2,R)
Schwarzian as a limit of a 2d CFT.
Following [32], we can also compute expectation values of bilocal fields that are re-
lated to the Liouville field φ. A correlator of Liouville primary operators can be used to
compute expectation values of
O`(θ; τ1, τ2) =
(
f˙(τ1)f˙(τ2)
β2
pi2θ2
sin2 piβ θ[f(τ1)− f(τ2)]
)`
, (4.11)
in a way completely analogous to the case studied in [32].
The single bilocal correlator in the case of the U(1) orbits is given by30
〈O`(θ; τ1, τ2)〉 = 2
Z
∫
dk21dk2 sinh(2pik1) cosh(2piθk2)
Γ(`± ik1 ± ik2)
Γ(2`)
e−τ
k21
2C
−(β−τ) k
2
2
2C .
(4.12)
Using the techniques of [34], the semiclassical (large C) regime is readily shown to be
governed by a saddle at energy M =
k22
2C =
2pi2C
β2
θ2, in agreement with (4.6). On the
other hand, we can take the strongly coupled limit of small C. This gives a universal
power-law behavior, with power independent of `, as
〈O`(θ; τ1, τ2)〉 ∼ C
2
τ3/2(β − τ)1/2 . (4.13)
29Note that due to the symmetry enhancement µθ→1(k) 6= µn=1(k).
30This expression is normalized by the n = 1 partition function, since we view these other models
as deformations of the vacuum SL(2,R) orbit. For the elliptic orbits (and the parabolic orbit in section
6), one could instead view the twisted partition functions (4.9) and (4.10) as valid partition functions in
their own right, and normalize by these instead, but such an interpretation will not be possible anymore
for the generic hyperbolic orbits further on. An exception is the specific hyperbolic orbit related to
global AdS2 which we discuss in section 5.3.
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The origin of these powers is in the low-energy asymptotics of the density of states. This
result can in turn be used to deduce the long-time limit of the Lorenzian correlator. At
finite temperature the correlator decays as 〈O`(θ; τ1, τ2)〉 ∼ 1/τ2 while at zero tempera-
ture it decays as 〈O`(θ; τ1, τ2)〉 ∼ 1/τ3/2.
For the case of the orbits SLn(2,R), the bilocal observable is given by the same for-
mula in terms of f(τ) replacing θ → n, even though its expectaction value is different
due to the symmetry enhancement. It is given by
〈O`(n; τ1, τ2)〉 = 1
Z
∫
dk21dk
2
2 sinh(2pik1) sinh(2pink2)
Γ(`± ik1 ± ik2)
Γ(2`)
e−τ
k21
2C
−(β−τ) k
2
2
2C .
(4.14)
For these correlators we can verify the semiclassical large C limit. We can also take the
strongly coupled limit of small C. Nevertheless since for small energies µn(k) ∼ 4pink2,
the long-time power laws are the same as for the SL(2,R) case, up to some n-dependent
prefactors, scaling as ∼ 1/τ3 at finite temperature and ∼ 1/τ3/2 at zero temperature.
For the case n = 1, these bilocal operators are the natural ones as dictated by the
SL(2,R) symmetry, and a similar thing can be said about the n ∈ N case. Nevertheless,
for the U(1) orbits the only constraints on observables is to preserve an f shift symme-
try. Therefore by computing (4.11), we are making a very specific choice of observable.
From a physical perspective (either integrating out matter in the bulk or interpreting
this Euclidean theory as a finite temperature QM), it is reasonable to restrict ourselves
to observables satisfying the KMS condition under τ → τ + β. In order to do this, we
can define a deformation of the bilocal O` in the following way
O˜`(θ; τ1, τ2) =
∑
w∈Z
(
f˙(τ1)f˙(τ2)
β2
pi2θ2
sin2 piβ θ[f(τ1)− f(τ2) + wβ]
)`
, (4.15)
which using that f(τ+β) = f(τ)+β is equivalent to
∑
w∈ZO`(θ; τ1+wβ, τ2). For elliptic
orbits, this is formally divergent, but we will see these observables are well-defined for
hyperbolic orbits, see section 5.
4.3 Verlinde loop operators in the ZZ-ZZ system
In this section we will comment more on the structure of the results obtained for
the deformed Schwarzian theory. The partition functions (4.9),(4.10) and correlators
(4.12)(4.14) are the direct Schwarzian generalization of the diagrammatic rule for com-
pact groups explained in section 2, where adding a chemical potential to the particle-
on-a-group problem requires the insertion χR(Uλ)/dim R.
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More explicitly, this means that Schwarzian correlators for an orbit H can be written
by using the rules of the n = 1 vacuum orbit of [32], with the insertion of an additional
factor
H = SLn(2,R) → DSLn(2,R)(k) ≡
sinh(2pink)
sinh(2pik)
, (4.16)
H = U(1) → DU(1)θ(k) ≡
cosh(2piθk)
k sinh(2pik)
, (4.17)
which takes into account the deformation to the different orbits. These factors are simply
the Schwarzian limits of the terms needed to move between different boundary states in
equations (3.29) and (3.30).
Therefore, for example the two-point function for the orbit H = SLn(2,R) is given by
〈O`(n, τ1, τ2)〉 =
∫
dµ(k1)dµ(k2) DSLn(2,R)(k2)
Γ(`± ik1 ± ik2)
Γ(2`)
e−τ
k21
2C e−(β−τ)
k22
2C , (4.18)
where dµ(k) = 2k sinh(2pik). This can be similarly done for U(1) with the appropriate
insertion DU(1)(k2). We see very clearly here that n or θ play the role of a chemical
potential by comparing to the compact group case.
The same structure will arise for the parabolic and hyperbolic cases considered in the
next sections. In the rest of this section we will interpret these defects from the 2d CFT
perspective as inserting Verlinde loop operators.
Using results from [62] (based on the analysis of [63]), one can show that the effect
of an insertion of a Verlinde loop operator (or equivalently a topological defect operator)
surrounding a boundary is to modify its boundary condition (or boundary state) [64].
Verlinde loop operators are labeled by primary operators in the same way as Cardy
boundary states. In the case of Liouville, one can start with the identity ZZ-brane.
Different degenerate ZZ-branes or FZZT-branes can be obtained by the insertion of a
Verlinde loop operator associated to that Virasoro representation. For example, in the
FZZT case, this way one can go from (3.29), with n = 1, to (3.30), by multiplying the
boundary state by a ratio of modular S-matrices.
ZZ ZZ
Figure 4: Inserting Verlinde loop operators (red) between Liouville primary insertions (blue
crosses) gives defect operators in the JT bulk.
This immediately leads to a generalized situation where we can insert Verlinde loop op-
erators in between any Liouville operators (Figure 4), not just adjacent to the boundary
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ZZ-brane. Within the bulk JT theory, this corresponds to inserting a conical defect in
the bulk between the bilocal lines. E.g.
(4.19)
It is funny to realize that local Liouville punctures map to lines in JT, whereas nonlocal
Verlinde operators map to local punctures in JT. As a final comment, the role of these D-
factor insertions was also studied in [64] in the context of the AGT dual of Liouville with
boundary conditions. Then for example DSLn(2,R)(k) is simply an SU(2) character for a
representation of spin n−12 . This arises from the insertion of a Wilson line in the 4d gauge
theory associated to that representation, as explained in [62]. Similarly, the insertion
DU(1)θ(k) corresponds to inserting a symmetry breaking wall with FI terms labeled by θ.
The full geometrical relation between the boundary ZZ-ZZ cylindrical surface and the
JT bulk with defects is summarized in Figure 5. As a holographic system, the JT / BF
ZZ ZZ
t
f
group
c
cWZW
Figure 5: Left: Chiral WZW model (χWZW) and its dimensional reductions along both axes.
The quantum particle on the group manifold (∂t = 0) appears in the dual channel of the original
chiral WZW model, which by itself reduces to the character χ of the group G (∂φ = 0). See
Appendix B for the equations. Right: Liouville between ZZ-branes leads to a torus surface (grey)
with mirrored operator insertions. The holographic bulk is found as the exterior of the torus.
In the Schwarzian limit, the torus degenerates, the bulk becomes independent of the angular
coordinate (rotating around the grey tube) and can be viewed as a disk (lightblue) bounded
by the degenerate torus. Primary operator insertions (blue) lead to bilocal lines in the disk.
Verlinde loop operators (red) are topologically supported. Deforming them into the bulk, they
are Chern-Simons Wilson lines puncturing the BF bulk disk at an arbitrary point (green).
bulk lives in the exterior of the boundary torus. The reason is that the chiral WZW sys-
tem and the Virasoro coadjoint orbit action are taken to the particle-on-a-group model
and the Schwarzian respectively, upon swapping the role of time t and space σ of the
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torus. This swapping can be viewed as a modular S-transform that effectively changes
between the interior and the exterior of the boundary ZZ-ZZ system (mirror doubled
into a torus), which in the Schwarzian double-scaling limit degenerates into a long thin
tube. Verlinde loop operators are Chern-Simons Wilson lines associated to χ in the
dimensionally reduced BF-action TrχF .
Two elementary variants of loop operators were considered in [65] (Figure 6). Mul-
Figure 6: Multiply wound Verlinde loop operators and multiple loops.
tiply wound Verlinde loops give a single BF puncture of the form χR(M
n), with n the
number of windings. Such loops are viewed on the BF bulk as a single puncture pierced
multiple times.31 On the other hand, considering multiple Verlinde loops leads to integer
powers χR(M)
n.
Applied to the Schwarzian case at hand, the difference is in the measure factor D(k).
E.g. for the elliptic defect of (4.9) one has:
Dn−woundU(1) (k) =
cosh(2pinθk)
k sinh(2pik)
, n wounds, (4.20)
Dn−loopsU(1) (k) =
( cosh(2piθk)
k sinh(2pik)
)n
, n separate loops. (4.21)
Moreover one can also study combinations of Verlinde loop insertions, where one inserts
loops of different types, resulting in inserting factors of Dn(k)Dθ(k), and each with
different windings etc.
4.4 Application: Horizon area operator
In the context of 2d dilaton-gravity, the role of the black hole horizon area is played by
the horizon value of the dilaton Φh. This can be understood either from the dimensional
reduction of a near extremal black hole in higher dimensions, or from the fact that the
effective Newton constant is Geff = G/Φh. For a thermal state dual to a black hole, the
entropy is, to leading order in small GN , given by
SBH =
Φh
4GN
. (4.22)
31The angular zero-mode does not allow one to pierce the BF disk in different locations with a multiply
wound Chern-Simons loop.
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Besides the thermofield double, this relation between entropy and minima of the dilaton
was also verified in the semiclassical limit for non-thermal states in [66], for the case of
JT gravity.
Since JT gravity is solvable, it would be nice to embed this semi-classical result within
a fully quantum-mechanical framework. As a first approach to this problem, in this sec-
tion we will define a non-perturbative operator Aˆ, with the property that its expectation
value is given by the semi-classical minimum of the dilaton.
We will define the horizon area operator Aˆ ≡ Φˆh operationally. We will begin by
computing its expectation value, but this can be extended to a more general case. In
order to measure 〈Aˆ〉 we will insert a factor of eαΦ(y) in the gravitational path integral
as in (4.7), which creates a conical deficit at the point where we want to measure the
transverse area.32 Then we will differentiate the partition function ZU(1)(β, α) (4.7) with
respect to α and set α = 0 in the end. This leads to
〈Aˆ〉 = ∂α logZU(1)(β, α)
∣∣∣
α→0
= 4GN∂θ logZU(1)(β, θ)
∣∣∣
θ→1
, (4.23)
where θ corresponds to the size of the U(1) group. The horizon expectation value of
the dilaton is related to how the partition function changes when changing the conical
deficit; this should be related to the entropy.
Now we can make two choices in order to define our operator Aˆ. We can take the
derivative by analytically continuing the integer n orbit. This is not a reasonable pre-
scription since the computation does not preserve the full SL(2,R) global symmetry,
and the function Z(β, θ) is discontinuous for θ = n ∈ N. Since only the U(1) elliptic
subgroup (f → f + const) is preserved by the insertion, we will take the derivative with
respect to the Diff(S1)/U(1) parameter θ.33
32Since the theory is gravitational, a local diff-invariant bulk operator that measures the value of
the dilaton locally, would have to be of the form Φ(g(y)), which is not what we study here. Our result
only depends on the topological sector of the label y within the diagram and as such this is a global
observable.
33The relation between the n ∈ N orbits and the generic elliptic orbits, ∂
∂θ
cosh(2piθk) =
2pik sinh(2piθk), is a direct consequence of the 2d boundary state equality:
|ZZ;m,n〉 = |FZZT; s(m,n)〉 − |FZZT; s(m,−n)〉 , (4.24)
where s = i
(
m
b
+ nb
)
. Indeed, this becomes the definition of a derivative:
lim
b→0
[
cosh
(
2pi(mk + nb2k)
)− cosh(2pi(mk − nb2k))] = 2pib2nk sinh(2pimk). (4.25)
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Using (4.8), the expectation value of our operator Aˆ is
1
4GN
〈Aˆ〉 = 1
ZU(1)(β)
∂
∂θ
∫
dk cosh(2piθk)e−β
k2
2C
∣∣∣∣
θ=1
=
4pi2C
β
, (4.26)
to be compared to the thermodynamic entropy S(β) = 4pi
2C
β +
3
2 +
3
2 ln
2piC
β , where the
first term is the tree-level part, and the remainder is the one-loop piece. Within the
JLMS framework [67], the first term should be written as 〈Aˆ〉β/4G and the above for-
mula (4.26) realizes this construction explicitly in 2d dilaton gravity.34 We have in effect
written down a suitable quantum operator for the horizon area Aˆ.
We argued above that in order to compute 〈Φˆh〉 we should continue the U(1) orbits
for θ → 1 and not the SLn(2,R) orbits. The difference between both calculations is
subleading in the large C limit and we take our prescription as a definition of the Φˆh
operator beyond the semiclassical limit.
A similar calculation can be done for the supersymmetric N = 1 generalization of JT
gravity, using the results from N = 1 Schwarzian theory. Interestingly, in this case the
expectation value gives the same answer (4.26) for either continuous or discrete orbits,
for arbitrary C, indeed providing evidence that our definition is the correct one.
We can distill the energy eigenstate expectation value by inverse Laplace transform-
ing:35
〈Φˆh〉β ≡ 1
ZSL(2,R)
∫
dM sinh
(
2pi
√
M
)
〈Φˆh〉Me−β
M
2C , (4.27)
from which we obtain
〈Φˆh〉M = 2pi
√
M coth 2pi
√
M − 1, (4.28)
semiclassically becoming indeed Φh = 2pi
√
M . This can be used for any correlation
function of the type:〈
ΦˆhO`(τ1, τ2) . . .
〉
β
=
∫
dM sinh
(
2pi
√
M
)
〈Φˆh〉M 〈O`(τ1, τ2) . . .〉M e−β
M
2C , (4.29)
upon inserting a complete set of energy eigenstates |M〉 and using that the bilocal is
diagonalized in this basis [32]. Hence, in analogy with the case studied in previous
34Such a formula was written down suggestively in [68] but without an independent computation of
〈Φh〉.
35Note that we divide by the n = 1 SL(2,R) partition function here. The previous computation can
be viewed as a trick to get to 〈Φˆh〉β , but once we have it, it is interesting to find the correct Fourier
transformed defect interpretation in any diagram.
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sections, the horizon area operator Φˆh can be interpreted as a defect implemented by
the insertion:
DA(k) = 2pik coth 2pik − 1, (4.30)
in the region of interest in the diagram, readily generalizing this to situations with the
defect between both ends of a bilocal. This kind of expression, computing the minimal
value of the dilaton in any region we choose, was constructed semiclassically in [66] and
interpreted in terms of the interior of the black hole. Since the defect (4.30) does not
alter the saddle point of the momentum integrals, the above expression indeed reduces
to the discussion of [66] in the heavy semi-classical limit ` ∼ C → +∞.36
With corrections to the Bekenstein-Hawking entropy in mind, it would be interesting to
understand 〈logA〉 and negative powers of Aˆ. We deduce these expectation values in
appendix C and postpone an interpretation to possible future work.
5 Hyperbolic orbits U(1)λ: multiboundary geometries and
gluing
Setting F (τ) = tanh piβλf(τ), with f(τ + β) = f(τ) + β leads to hyperbolic monodromy:
F (τ + β) = tanh
(
pi
β
λf(τ) + piλ
)
=
F (τ) + tanh(piλ)
1 + tanh(piθ)F (τ)
, (5.1)
with hyperbolic M :
M =
(
cosh(piλ) sinh(piλ)
sinh(piλ) cosh(piλ)
)
∈ PSL(2,R). (5.2)
In a way similar to the previous section, we can completely solve the deformation of the
Schwarzian theory associated with the hyperbolic U(1) orbits. Since the analysis is very
similar, we will only point out here that most formulas can be obtained from the elliptic
U(1) by the analytic continuation θ → iλ. E.g. the twisted partition function is written
as
Z(β, λ) ≡
∫
Mλ
[Df ] eC
∫ β
0 dτ{tanh piβ λf(τ),τ}
= 2
∫ +∞
0
dk cos(2piλk)e−β
k2
2C =
(
2piC
β
)1/2
e
− 2pi2C
β
λ2
. (5.3)
Due to the non-positive “density of states” ρ(k) ∼ cos(2piλk), this system cannot be
viewed as a thermal system on its own, and should instead be interpreted as a system
with density of states ρ(k) = 2k sinh 2pik in the presence of a defect.
36For the N = 1 super-Schwarzian model, the analogous defect expression is DA(k) = 2pik tanh 2pik.
37
In a similar way as we did for the elliptic case, we can compute correlators. The
natural observable from the Liouville perspective is
O`(λ; τ1, τ2) =
(
f˙(τ1)f˙(τ2)
β2
pi2λ2
sinh2 piβλ[f(τ1)− f(τ2)]
)`
, (5.4)
The result for expectation values 〈O`〉 of these bilocal observables is given by the n = 1
expressions with an insertion of the hyperbolic factor DU(1)λ(k) =
cos 2piλk
k sinh 2pik . As men-
tioned in the end of section 4.2, this observable cannot arise from free matter in the bulk
since it does not satisfy the KMS condition. Therefore we define an operator satisfying
the KMS condition as
O˜`(λ; τ1, τ2) =
∑
w∈Z
(
f˙(τ1)f˙(τ2)
β2
pi2λ2
sinh2 piβλ[f(τ1)− f(τ2) + wβ]
)`
. (5.5)
As opposed to the elliptic case, now this observable is convergent. This correlator re-
spects both the global U(1) symmetry f → f+const, and the KMS condition associated
to a finite temperature correlator. As expected we can see from this expression how the
effect of the winding modes dissappear in the zero temperature limit.
For a fixed w 6= 0, this correlator describes a bilocal line encircling the defect in the
bulk w times. As such, following the rules of [32], the line self-intersects and is associ-
ated to a 6j-symbol. It is possible to write down the expression, but we have yet to find
an enlightening way of writing or summing this expression, which we leave to future work.
In the rest of this section we will point out interesting aspects mostly related to the
role of these hyperbolic defects in the context of AdS2 holography.
5.1 AdS2 perspective
The hyperbolic defect geometry is wormhole-like with a minimal neck length. Indeed,
by the same argument as in (4.4), the bulk geometry is of the form:
ds2 = 4
(
piλ
β
)2 dτ2 + dz2
sin2 2piβ λz
, (5.6)
with boundaries at z = 0, piλ
β
2pi . The hyperbolic monodromy defect is a two-boundary
geometry (Figure 7). Within JT gravity, these can be used to glue two separate Eu-
clidean manifolds together. One inserts matching local operators and then sums over
all such hyperbolic operators.37 This is also the procedure to create a tube / wormhole
37Probably “local” is a misnomer, as they can be viewed as the Liouville hyperbolic insertions.
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Figure 7: Gluing disks with hyperbolic defect operators. Summing over orbits leads to a glued
2-boundary geometry. A single disk with a fixed hyperbolic defect only has a single fluctuating
(twisted) Schwarzian boundary.
in the effective action [69, 70]. This logic was used to glue two disks to create an an-
nulus in [25] and to get generic multi-boundary systems [27]. This again identifies the
bulk JT model with 2d Liouville CFT, where cutting and gluing is achieved by insert-
ing complete sets of precisely these hyperbolic operators, forming the Liouville spectrum.
The circumference of the neck of the wormhole computed halfway at the value of z
where the scale factor in (5.6) is minimal, is then given by
` = 2
(
piλ
β
)
β = 2piλ. (5.7)
We will demonstrate that this can be measured quantum-mechanically by applying a
Wilson loop in the SL(2,R) BF description.
5.2 Application: Length Operator
The rule for including a defect in the diagram, can be used to obtain a rule for moving
a defect through a Wilson line, i.e. to another sector of the diagram. Let us first write
the expressions for a compact group G BF model. The correcting factor to move a line
through a defect of holonomy M is:
χR1(M)
dim R1
dim R2
χR2(M)
, (5.8)
where the representations R1 and R2 are as in Figure 8. The above formula can be used
R2 R2R1R1
cR1(M) dimR2
dimR1  cR2(M)
.( (.
Figure 8: Moving the Wilson lines through a puncture (cross) of holonomy M produces an
additional factor in the representation basis.
to find the expression for the diagram by moving the puncture through its encircling
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Figure 9: Left: A puncture surrounded by a bulk Wilson loop. Right: Inserting a Wilson line
attached to the defect in the interior and the outer boundary, is readily evaluated in angular
slicing (dotted lines).
Wilson loop. E.g. for the diagram of Figure 9 left, one obtains:
1
Z
∑
R1,R2
dim R2χR1(M)
NRR1R2
dim R
e−βCR2 =
1
Z
χR(M)
dim R
∑
R2
dim R2χR2(M)e
−βCR2 , (5.9)
where the Verlinde formula was used to get to the second line. The second line reflects
the fact that the Wilson line measures the holonomy around the puncture. One can
write more generally:
〈WR . . .〉 = χR(M)
dim R
〈. . .〉 . (5.10)
For SL(2,R), it is known that the spin 1/2 Wilson loops
W1/2(γ) =
1
2
Tr1/2Pe
∮
γ A, (5.11)
in the (non-unitary) 2-dimensional representation of SL(2,R) are given by the geodesic
length operators in Teichmu¨ller theory as
L(γ) ≡ W1/2(γ) = cosh
1
2
`(γ), (5.12)
in terms of the length `(γ) along the geodesic curve in the homotopy class of γ.
First we prove the analogue of (5.10) for this case. One writes:
1
Z
∫
dk1dk2 cos(2piλk1)Nk1k2 12
e−βk
2
2 =
sinh(2piλ)
sinh(piλ)
1
Z
∫
dk2 cos(2piλk2)e
−βk22 . (5.13)
To find this, one uses the formulas∫
dk1 cos(2piλk1)Nk1k2 12
= cos(2piλk2 + piiλ) + cos(2piλk2 − piiλ)
=
λ sinh(2piλ)
λ sinh(piλ)
cos(2piλk2), (5.14)
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where in the first line we used the fusion rule:
Nk1k2 12
= δ(k1 − k2 ± i/2). (5.15)
This should be compared to the 2d Verlinde formula:∑
k1
Nk1k2JS
λ
k1 =
SλJ
Sλ0
Sλk2 , (5.16)
and is an irrational SL(2,R) extension of it, explored in [71]. Note that we should use
the fusion coefficient of the SL(2,R) representations (used for H+3 in [71]) as the fusion
happens deep in the bulk where the gravitational coset constraints are not felt.
Hence formula (5.10) applies in this case as well, and using the general formula for
the character of the spin 1/2 representation:
χR(M) =
λ2j+1 − λ−2j−1
λ− λ−1 , λ = e
ipiθ, epiλ, 1, j = 1/2, (5.17)
one finds for the three classes of monodromies:
elliptic:
χR(M)
dim R
=
sin(2piθ)
2 sin(piθ)
= cos(piθ), (5.18)
parabolic:
χR(M)
dim R
= 1, (5.19)
hyperbolic:
χR(M)
dim R
=
sinh(2piλ)
2 sinh(piλ)
= cosh(piλ). (5.20)
In the first two cases, the actual length `(γ) one finds is either imaginary or zero,38
signaling no minimal length curve exists, and one should take `(γ) ≡ 0 in this case. The
hyperbolic case is non-trivial and leads to a non-zero length `(γ) = 2piλ. Hence there is
a shallow neck of circumference 2piλ in the hyperbolic orbit, and applying such a defect
creates a (Euclidean) wormhole geometry.
Two asymptotic Schwarzian disks can be glued together by integrating over this neck cir-
cumference [25, 27]. If one only inserts one fixed hyperbolic defect in a single Schwarzian
disk, the other holographic boundary is generated, but it has no dynamics (i.e. no fluctu-
ating boundary) and no gravitational boundary conditions (i.e. it is a SL(2,R) boundary
model); the entire theory can be described as a single Schwarzian theory with a hyper-
bolic defect. This is the situation we study here and is explored more below.
If we study 2d JT with two boundaries on an annulus, with the additional constraint
that L(γ) is fixed to some value, then one can study the two-boundary theory without
38The latter happening for the special orbits θ ∈ N.
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the summation over λ. Note that keeping L(γ) fixed is indeed a diff-invariant statement.
We encountered the finite-dimensional representations of SL(2,R) to measure the neck
length of the Euclidean wormhole. This is the first time these representations appear
in the JT context.39 One can ask whether these representations can be used as bilocal
operator insertions. They can be obtained from the usual bilocals by setting ` ∈ −N/2.
Due to the Γ(2`) factor in the denominator of (4.14), these require a careful separate
treatment, which we perform in Appendix D. Whereas we do not know of any application
of these, their treatment presents an easy test-case where a closed analytic expression
can be obtained for the two-point correlator.
5.3 Application: Global AdS2 and Correlators
For any fixed λ, the geometry can be interpreted as a two-sided global AdS space. The
global AdS2 system, including its doubled SYK interpretation, were studied in [72].
Taking λ ≡ λβ = β/2pi, we obtain the standard normalization of global AdS2 and the
geometrical identification is not influenced by the temperature β−1 (Figure 10). The
= pb
2l
= 2pbl
Figure 10: Left: Global AdS2 geometry with λ =
β
2pi . Semi-classical periodicity occurs due to
reflections on the second boundary. Right: Jackiw-Teitelboim structure of the wiggly boundary
curve. Dashed lines denote the semi-classical periodicity present in correlation functions. One
has no real-time periodicity condition: f(t + 2pi) 6= f(t) + 2pi. Hence the full bilocal correlator
does not exhibit periodicity.
Schwarzian in Euclidean space is here a tanh piβλf = tanh
f
2 orbit:
S = −C
∫ β
0
dτ
{
tanh
f
2
, τ
}
, f(τ + β) = f(τ) + β. (5.21)
39The continuous representations constitute the Hilbert space of the theory, whereas the infinite-
dimensional discrete representations are used to describe the bilocal operator insertions.
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This configuration occurs in JT gravity in a strip by imposing the left boundary to have
no boundary dynamics: ΦLR ∼ aLR with aL = 0. Only a single Schwarzian wiggly
boundary curve is present whose dynamics is described by the action (5.21). The left
boundary has no Schwarzian action, and no 1d conformal symmetry breaking.
The partition function of this model is:
Z(β, λβ) =
∫ +∞
0
dk cos(βk)e−β
k2
2C =
e−
βC
2
2
√
2piC
β
=
∫ +∞
0
dk e−β(
k2
2C
+C
2
), (5.22)
and is one-loop exact. This leads to the density of states ρ(E) =
Θ(E−C
2
)
2
√
E−C
2
. This offset
Egap = C/2 can be interpreted as the energy required to cancel the Casimir energy of
global AdS2. Indeed, global AdS2 has negative energy E = −C/2. Excitations in this
theory are hence gapped and only arise when the energy becomes at least that of the
Poincare´ energy.40 41
The saddle of the action (5.21), with solution f(τ) = τ , leads to the free energy F ,
energy E and entropy S given by:
βF = − logZ(β) = βC
2
, E =
C
2
, S = βE − βF = 0, (5.23)
whereas the exact result (5.22) gives:
βF = − logZ(β) = const + βC
2
+
1
2
log
β
2piC
, E =
1
2β
+
C
2
, S = const +
1
2
log 2E.
(5.24)
The entire entropy is hence one-loop. A similar conclusion will be reached for the
parabolic θ = 0 orbit in section 6 below.
Following the methods developed in previous sections, we can compute expectation val-
ues of the Euclidean bilocal correlator
O`(λβ; τ1, τ2) =
(
f˙(τ1)f˙(τ2)
4 sinh2 12(f(τ1)− f(τ2))
)`
, (5.25)
40Of course, we could just redefine the energy of the vacuum and not deal with this shift, but
when embedding global AdS into the set of models created by applying defects, this is the natural
normalization.
41Note that the modular S-matrix Sk0 is not the density of states in this case, as it depends on the
temperature β−1 to define a sensible geometric theory.
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which in the twisted Schwarzian path integral leads to
〈O`(λβ; τ1, τ2)〉β = 1
Z
∫
dk21dk2 sinh(2pik1) cos(βk2)
Γ(`± ik1 ± ik2)
Γ(2`)
e−τ
k21
2C
−(β−τ) k
2
2
2C .
(5.26)
Writing cos(βk2) =
1
2(e
ik2β + e−ik2β), and shifting the integration contour k2 → k2± iC,
one can write:
〈O`(λβ; τ1, τ2)〉β = 1
Z
∫
dk21dk2 sinh(2pik1)e
−τ k
2
1
2C
−(β−τ)( k
2
2
2C
+C
2
)e−τC (5.27)
× Γ(`+
1
2 ± ik1 + ik2)Γ(`− 12 ± ik1 − ik2)e−ik2τ + (k2 → −k2)
2Γ(2`)
,
which now has a standard thermodynamic interpretation, with energy
k22
2C +
C
2 ,
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which the fixed-energy (microcanonical) correlator can be deduced. For example, this
form is useful to get the zero-temperature correlator. Taking for Z the global partition
function (5.22), the zero-temperature correlator is given by:
〈O`(λβ; τ1, τ2)〉β→+∞ =
∫
dk21 sinh(2pik1)
Γ(`+ 12 ± ik1)Γ(`− 12 ± ik1)
Γ(2`)
e−τ(
k21
2C
+C
2
).
(5.28)
This correlator is also the zero-temperature version of the KMS-satisfying bilocal (5.5),
since winding is suppressed as β → +∞ when λ = β/2pi. One checks numerically that
the bilocal correlator (5.26) (and (5.28)) in Euclidean time in the semi-classical large C
regime is 1/ sinh
(
1
2τ
)2`
. The real-time semi-classical correlator is then:
〈O`(λβ; t1, t2)〉β → 1(
sin t2
)2` , (5.29)
and has periodicity 2pi in real time due to reflections off of the second boundary. The full
real-time correlator is not periodic though (and does not have to be), as can be checked
numerically, and as shown in Figure 10 right.
Let us next characterize the second asymptotic boundary that this model generates.
We demonstrate that this boundary carries the full SL(2,R) particle on it, and hence
no gravitational boundary constraints are imposed. This of course makes sense as the
hyperbolic defect itself is an SL(2,R)-construct and does not know itself about gravity.
Secondly, integrating over the hyperbolic label allows us to glue geometries together,
42Note that this expression is not in the form of e−E1τe−E2(β−τ) for some independent energies E1
and E2, which has to be the case if the bilocal operator is obtained from two local operators. This is
in accord with the fact that any thermal two-point function has to satisfy a KMS condition, which this
operator does not.
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which requires the unconstrained SL(2,R) model.
Consider therefore a Wilson line WR¯mn attached on one side to the interior defect M
(Figure 9 right). Using the techniques of [35, 25], this diagram can be evaluated by an
angular slicing to be:∑
R,a,b
dim R
∫
dgRab(g)Rba(Mg
−1)R¯mn(g)e−βCR
=
∑
R,a,b,c
dim RRbc(M)
(
R R¯ R
a m a
)(
R R¯ R
b n c
)
e−βCR . (5.30)
Within JT gravity where the outer boundary is gravitational, we require the index a = i
which is the sole state surviving the coset [35, 25]. Additionally setting m = n = 0 to
consider the standard bilocal operator, we reduce to b = c, and we get:∫
dk2 sinh(2pik)
∫
dsRkss(M)
(
Γ(`± 2ik)Γ(`)2
Γ(2`)
)1/2(
k ` k
s 0 s
)
e−β
k2
2C , (5.31)
in terms of the hyperbolic basis label s of SL(2,R) representations, and with hyperbolic
monodromy matrix: M =
(
e2piλβ 0
0 e−2piλβ
)
. As a check, setting ` = 0, the 3j-symbol
becomes 1√
k sinh 2pik
,
∫
dsRkss(M) = χk(M) = 2 cos(2piλβk), and we return to the twisted
Schwarzian partition function:43 44
2
∫
dk cos(2piλk)e−β
k2
2C . (5.33)
The defect in the interior, which geometrically corresponds to the second asymptotic
boundary, has no gravitational constraints and hence does not represent a holographic
boundary; this correlator is not modeling the wormhole-crossing correlators of global
AdS2.
43Strictly speaking, there should be a factor of 1/VT present in (5.31), where VT = δ(k − k) is the
volume of the set of conjugacy class elements, Fourier dual to a delta-function on the set of irreps. The
limit `→ 0 gives an additional factor of δ(k − k) in the numerator from the 3j-symbols, cancelling this
one and indeed recovering (5.33).
44Instead setting M = 1, we find the amplitude for a Wilson line dangling into the bulk without
ending on any special (i.e. defect) location. This evaluates to
√
k sinh(2pik)δ`0, using properties of
3j-symbols, so upon dividing by Z we end up with:
1
Z
∫
dk2 sinh(2pik)e−β
k2
2C δ`,0 = δ`,0, (5.32)
and this situation cannot occur for any non-trivial Wilson line.
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A different interesting bilocal operator to consider within the global AdS2 model (5.25)
is
O`λ,LR(τ1, τ2) =
(
f˙1f˙2
cosh
(
1
2 (f1 − f2)
)2
)`
, (5.34)
obtained by taking f1 → f1+ipi, i.e. rotating the global time of one leg of the correlator.45
The semi-classical result is of the form
(
1
cosh( 12 (t1−t2))
2
)`
and represents a left-right
boundary two-point function. We leave an exact quantum treatment of this bilocal
correlator for future work.
6 Parabolic orbit U(1)0: thermal AdS2
The parabolic orbit is the limit of θ → 0 of either the elliptic or the hyperbolic orbits.
It leads to thermal AdS2, with
F (τ + β) = F (τ) + β, (6.1)
left invariant only under the one-parameter parabolic subgroup of SL(2,R):
M =
(
1 b
0 1
)
∈ PSL(2,R), (6.2)
and with a flat density of states: dµ(k) = dk (Figure 11).
...
Figure 11: Parabolic orbit in the Schwarzian limit leads to the thermal AdS2 geometry with
fluctuating boundary curve.
The partition function is
Z(β, 0) =
∫ +∞
0
dk e−β
k2
2C =
1
2
√
2piC
β
. (6.3)
45It is quite subtle to convince oneself that this is the correct reparametrization to describe the two-
sided global AdS geometry. For the TFD on the other hand, one takes τ → τ + pi instead of f (i.e.
sinh
(
1
2
f(τ1 + pi)− f(τ2)
)
). This is because by definition, thermal correlators are obtained in this way.
For global AdS, it is different because the coordinate of the second boundary is at f(t+z) = f(t−z)+pi
by (5.6). Hence we expect a singularity at fixed location in f , instead of in τ .
46
The energy average is 〈E〉 = −∂ logZ∂β = 12β , whereas the saddle itself (vacuum AdS) has
zero energy.46 The bilocal correlator in the parabolic orbit is:47
〈O`(0; t1, t2)〉 = 1
Z
∫
dk21dk2 sinh(2pik1)
Γ(`± ik1 ± ik2)
Γ(2`)
e−τ
k21
2C
−(β−τ) k
2
2
2C . (6.4)
The semi-classical large C-limit is readily checked to behave as∼ 1/τ2`.48 The Lorentzian
continuation τ → it gives the same semi-classical behavior over R. At zero temperature,
this correlator is the same as that for the n = 1 elliptic orbit: the vacuum of both
theories is identical, but their excited state spectrum differs. The flat density of states
indicates that this configuration has no Bekenstein-Hawking rise of states, and hence no
black hole degeneracy in the bulk.
A more interesting thermal bilocal, satisfying KMS, is the following, obtained as the
λ→ 0 of the hyperbolic correlator (5.5):
∑
w∈Z
(
F˙ (τ1 + wβ)F˙ (τ2)
(F (τ1 + wβ)− F (τ2))2
)`
=
∑
w∈Z
(
F˙ (τ1)F˙ (τ2)
(F (τ1)− F (τ2) + wβ)2
)`
, (6.5)
an operator that is U(1) invariant Fi → Fi + const, but not SL(2,R) invariant. As
such, it is a new possibility for this orbit that was not available in the standard SL(2,R)
theory. This is the conformal reparametrization with function f , of the standard CFT
expression: ∑
w∈Z
(
1
(τ1 − τ2 + wβ)2
)`
, (6.6)
of the two-point correlator on a periodically identified circle. A single term in the sum
(6.5) can be interpreted as a boundary-anchored Wilson line encircling the bulk defect
w times. We leave a computation of this bilocal correlator to future work.
While we are unaware of an application of this orbit directly as a low-energy description
of an SYK computation, it is interesting to contemplate a Hawking-Page transition by
combining by hand this orbit with the n = 1 elliptic orbit. Including only the tree-level
contribution, the n = 1 orbit is always the most dominant contribution.49 However,
including the one-loop piece, there is a Hawking-Page (HP) transition and the parabolic
orbit (thermal AdS) wins at low temperatures. The transition happens at βHP ∼ C.
This is a very low temperature of order 1/C corresponding to a strongly coupled theory.
46This is contingent upon subtracting the extremal energy E0 of the system.
47Again one can in principle choose here to normalize with the n = 1 partition function (as we have
done here), or with Z(β, 0) instead. This depends on whether we view this system as the vacuum n = 1
system with a defect, or as an independent model in its own right.
48In case the sinh is in the k2-integral, one obtains instead ∼ 1/(β − τ)2`.
49Indeed, this directly descends from the Hawking-Page story in AdS3/CFT2 where in the double-
scaling limit one is forced on the saddle that corresponds to the n = 1 orbit in the JT system.
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This version of the Hawking-Page transition arises from a combination of classical
and quantum effects. This should not alarm the reader since the partition function for
both thermal AdS and the black hole can be computed exactly within the Schwarzian
theory.
7 Exceptional Orbits Tn,λ
Up to now we have ignored the exceptional (sometimes also called special) orbits Tn,λ
and Tn,± (see for example [56] for their definition). One reason to do this is the fact that
their representative energy is not τ -independent.
To motivate a proposal for their interpretation, we can exploit the 2d Liouville per-
spective to analyze whether we have exhausted all 2d setups with a well-defined semi-
classical limit. We have fully analyzed the case of identity ZZ-branes and FZZT-branes.
Nevertheless, for degenerate ZZ-branes we focused so far only on the (1, n) case. The
reason for this being that when we take the large c, small b limit, the ZZ-brane associated
to (m,n) reduces to the (1, n) case. This happens due to the fact that the wavefunction
is
Ψ(m,n)(P ) = Ψ(1,1)(P )
sinh 2pinP/b
sinh 2piP/b
sinh 2pimbP
sinh 2pibP
, (7.1)
while the Schwarzian limit picks momenta that scale with b as P ∼ b.
In this section we will comment on the only way left to generate a 1d limit different
from the ones previously studied. Take Liouville between an identity ZZ-brane and an
(m,n) ZZ-brane with fixed integer n and an integer m that scales with the central charge
as m = λ/b2, giving a new continuous parameter λ in the large c limit. The partition
function of the 1d theory we generate in this way gives
Zn,λ =
∫ ∞
0
dk sinh(2pink) sinh(2piλk)e−β
k2
2C
=
(2piC
β
)1/2
sinh
(4pi2C
β
nλ
)
e
2pi2C
β
(n2+λ2)
. (7.2)
We can also compute correlators between bilocal operators arising from the 1d reduction
of a local Liouville primary operator. The results and correlators for this setup should
by now be straightforward, with the result being equal to the Schwarzian n = 1 theory,
but with the insertion of
Dn,λ(k) =
sinh(2pink)
sinh(2pik)
sinh(2piλk)
k
. (7.3)
Even though this theory has a well-defined 1d limit, the representation we are studying
from the 2d perspective has a dimension scaling with c in a funny way ∆ = −λ2/4b6, or
equivalently in terms of the 2d central charge ∆ ∼ −c3λ2.
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Since this 1d theory is labeled by a continuous and a discrete parameter, it is tempting
to associate it with the orbit Tn,λ, especially since these orbits are known to be obtained
as deformations of the exceptional elliptic orbits [56], and we obtained the latter indeed
from (1, n) ZZ-branes. We leave a more detailed analysis of this question for future
work. In particular, it would be interesting to identify the 1d action which reproduces
this partition function and whether its saddle-point is consistent with the profile T (τ)
associated to this monodromy class (see section 3.5.2 of reference [57] for example). The
results of [73] might be useful for this. Equivalently, it would be interesting to identify
a defect in JT gravity which is holographically related to this theory.
8 Some Conclusions
The common theme in this work is the analysis of punctures, or defects, within the BF or
JT gravity two-dimensional bulk. Studying this problem relates several a priori different
physical situations. Let us summarize the salient points.
The low energy theory that appears in complex SYK (a Schwarzian and U(1) mode)
is exactly solvable, also for its correlation functions. Diagrammatically, the chemical
potential corresponds to inserting a defect into the BF bulk dual to the compact U(1)
sector. We wrote down the generalization to non-abelian compact sectors, relevant for
SYK-like models with more complicated internal symmetries (for example N = 4 SYK),
which includes a defect character describing the non-abelian fugacity.
Within JT gravity, we classified the possible defects with Virasoro coadjoint orbits in
the following categories:
• Elliptic defects. These represent conical singularities and correspond to inserting
dilaton punctures in JT. We illustrated how one defines the horizon area operator
from these.
• Hyperbolic defects. These represent macroscopic holes in the JT geometry. They
are required to glue disk segments to each other. We defined a geodesic length
operator to measure the neck length in this case. The geometry with a single such
defect can be viewed as a global AdS2 space which we studied.
• Finally, the parabolic defect corresponds to thermal AdS2.
Within the 2d Liouville CFT perspective on JT gravity, we pointed out that these de-
fects can be created by inserting Verlinde loop operators between a pair of ZZ-branes,
completing the set of all (interesting) operator insertions one can study in Liouville CFT.
Our methods have yielded a host of new Schwarzian-type models and their correla-
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tors that deserve further study in their own right. In particular, it would be interesting
to learn of a direct SYK embedding of any of these other models.
Throughout this construction, we have defined several geometric observables, the horizon
area operator Φˆh and the length operator L(γ), and have considered how these are imple-
mented in correlation functions. We emphasized that they are defined in a diff-invariant
way, and this is as far as one can get without explicitly defining dressed operators. Local
diff-invariant bulk observables and their correlation functions were considered in [74, 75].
Let us end with some points that deserve further study.
Within the global AdS2 and thermal AdS2, we identified KMS-satisfying bilocal opera-
tors to consider, (5.5) and (6.5) respectively. Also the wormhole-crossing operator (5.34)
is structurally of the same type, where say f1 is shifted compared to f2. It would be
interesting to better understand their Schwarzian correlation functions.
We studied Schwarzian bilocal correlators of the finite-dimensional SL(2,R) representa-
tions in appendix D. Although we studied these as a toy model, it would be interesting
to learn of any direct physical relevance.
In section 7, we pointed out a suggestive approach to exceptional orbits Tn,λ. This de-
serves further study. Exceptional orbits in general have not received a lot of attention
in the literature. Their status (in all contexts) is still unclear and we hope our two-
dimensional Liouville perspective can shed some light on their interpretation.
We end with a relation to the recent work [27]. Among other things, a new way was
found in that work to make contact with JT gravity as the semi-classical limit of the (2, p)
minimal string model, which contains a Liouville piece as the most interesting factor.
Within this set-up, the Liouville theory is taken on the hyperbolic disk with a fixed-
length boundary containing the Schwarzian boundary dynamics. The bulk JT model
is hence directly identified as the Liouville worldsheet in the semi-classical p → +∞
regime.
During the course of our work, we found that determining the bulk JT geometry is
identical to solving the classical Liouville uniformization problem, including microscopic
punctures (elliptic defects). This geometry can be cut-and-glued along tubes along
which the macroscopic Liouville primaries (hyperbolic defects) propagate.50 This res-
onates with the identification made in [27].
Let us be more explicit about this identification. We will illustrate that the Liouville
50To avoid confusion, we mention that Liouville CFT appeared in two places; firstly and studied
throughout the paper, it appears between branes as a boundary model which has a Schwarzian double-
scaling limit (see Figure 5 Right). Here on the other hand, the semi-classical Liouville worldsheet is
directly identified with the 2d JT bulk.
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bulk one-point function and boundary two-point functions indeed agree with what we
already know (Figure 12). The Liouville one-point function on the hyperbolic disk with
Va b
Bb1
b-t
Bb2
t
mB
m'B
Figure 12: Left: Liouville bulk one-point function with Vα = e
2αφ. Right: Liouville boundary
two-point function with Bβi = e
βiφ.
boundary length β is given by [76]:
〈Vα〉β ∼ µ(Q−2α)/(2b)K(Q−2α)/b(κβ), κ2 =
µ
sinpib2
, Q = b+ 1/b. (8.1)
Setting 2α = Q− θ/b, for a heavy local Liouville operator, and using
esKθ/b2(κβ) =
∫ +∞
0
dte−κβt
cosh
(
θ
b2
arccosh(1 + t)
)√
t(2 + t)
, (8.2)
and taking a double-scaling limit where t = Eκ → 0 and b→ 0, one finds agreement with
the elliptic U(1)θ density of states (4.9).
51 This is a direct extension of the computation
of [27].
Setting θ → −iλ, we can link this to Teichmu¨ller theory by α = Q2 + i `4pib (see e.g. [65]),
from which we read off ` = 2piλ as we found before. This formula links the identification
of Teichmu¨ller geodesic length ` and Liouville intermediate primary α in a tube, to the
hyperbolic label λ we indeed use for gluing here as well.
Next, consider the boundary two-point function (Figure 12 right). As above, we parametrize
β1 = β2 = Q−b` in terms of what turns out to be the bilocal parameter `. The Liouville
amplitude is proportional to [76]:
〈Bβ1Bβ1〉 ∼
Sb(Q− β1 ± is/2± is′/2)
Γb(Q− 2β1)Γ−1b (2β1 −Q)
1
|x|2∆β1 . (8.3)
Using s = 2bk where k is the Schwarzian momentum, and Sb(bx) → (2pib2)x−1/2Γ(x),
one indeed finds the correct Schwarzian vertex functions of (2.14). This amplitude is
computed for fixed FZZT cosmological constants µB and µ
′
B, found from cosh
2 pibs =
µ2B
µ2
sinpib2, and should be transformed to the length basis, using the propagator distilled
51The exceptional elliptic case (4.10) is found by considering the degenerate operator Vα, 2α = Q−n/b,
which requires a slightly more subtle discussion.
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from the partition function. It seems clear that this approach will then indeed yield
the full Schwarzian bilocal correlator. It would be interesting to study this procedure in
more detail, which we leave for future study.
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A Classical winding solutions for QM on the group
We provide a brief pedestrian analysis of the classical equations of motion associated
to the particle on the group Lagrangian (2.26) (setting µ = 0 here), the appearance
of winding quantum numbers and solutions, and the semi-classical regime K  τ, β of
correlation functions.
The classical equation of motion of QM on the group manifold G is
∂τ (g
−1g′) = 0, (A.1)
which can be integrated once into g′ = igP , for a constant matrix P . The general
solution is g(τ) = SeiPτ . Using the gauge equivalence g ∼ gG, we can set S = 1 to
impose g(0) = 1. This fixes the gauge of the solution. So the solution is
g(τ) = eiPτ . (A.2)
The monodromy of this solution is g(τ + β) = g(τ)eiPβ. Hence for zero monodromy, we
have to solve 1 = eiPβ for the matrix P ∈ g. For compact groups, the matrix P can be
chosen to be hermitian, and hence diagonalizable, 1 = S−1eiDβS which implies
D = diag(2pim1/β, 2pim2/β . . .), mi ∈ Z. (A.3)
The numbers mi are not all independent, but are linked by the fact that D is in the
Cartan subalgebra. This generalizes the U(1) winding quantum number m in (2.4) to
one for each Cartan generator. In particular, in the unwound case, we just have the
identity matrix solution:
g(τ) = 1. (A.4)
The winding solutions on the other hand have on-shell action of the form:
Son-shell = −K
2
∫ β
0
dτ Tr
[
(g−1g′)2
]
=
K
2
β TrP 2 =
K
2
β
(
2pi
β
)2∑
i
m2i . (A.5)
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Winding solutions are hence irrelevant for the semi-classical large K limit, and the two-
point correlator, asymptotes to 1 since
TrGR,M (τ)e
−βH
Tre−βH
≈
large K
Gon-shellR,M (τ) = 1. (A.6)
Indeed, this can be checked numerically in Figure 13.
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Figure 13: SU(2) two-point correlator (2.30) at J = 1, µ = 0 and β = 1. Red: K = 1, Orange:
K = 5, Green: K = 20.
B Orbits and Defects for compact BF theories
In this appendix we relate coadjoint orbits of the centrally-extended loop group L̂G with
defects in the BF disk.
B.1 From 2d coadjoint orbits to monodromies
We first relate the coadjoint orbits to monodromies. We start with the 2d L̂G coadjoint
orbit action:
SχWZW =
k
4pi
∫
dτdφTr
((
g−1∂φg + λ
4pi
k
)
g−1∂τg −
(
g−1∂φg + λ
4pi
k
)2)
+ kΓWZ ,
(B.1)
where the highest weight λ = λ ·H labeling an integrable representations of L̂G.52 This
action can be viewed as a twisted chiral Wess-Zumino-Witten action.
The path integral with this action computes the Kac-Moody character χλˆ(q).
Performing a dimensional reduction along the φ-direction results in:
SKK =
k
4pi
∫
dτdφTr
((
λ
4pi
k
)
g−1∂τg −
(
λ
4pi
k
)2)
. (B.2)
52In order for eiS to be single-valued, λ has to be discretized as a weight.
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Within path-integrals, this procedure can be achieved by taking the double-scaling limit
k → +∞, ∫ dφ → 0, with their product k ∫ dφ = K, a fixed constant. Similarly, we
require λ→ +∞, keeping fixed the ratio
Λ ≡ 4pi
k
λ. (B.3)
We rewrite
SKK =
K
4pi
∫
dτ Tr
(
Λg−1∂τg − Λ2
)
, (B.4)
which is the Alekseev-Shatashvili or Kirillov-Kostant action for the underlying group
G.53
For our purposes, we instead dimensionally reduce (B.1) along the τ -direction and find:
SQM = −K
4pi
∫
dφTr
(
g−1∂φg + Λ
)2
, (B.5)
a particle-on-a-group action with “twist” Λ.
Notice that the quantum particle on the group G is found in the φ-direction. We can
absorb the second term of (B.5) into a monodromy of g by defining:
g˜ = gU(φ), U(φ) = eΛφ, (B.6)
to find the action
SQM = −K
4pi
∫
dφTr
(
g˜−1∂φg˜
)2
, (B.7)
with g˜(φ+ 2pi) = g˜(φ)M and monodromy matrix
M ≡ U(2pi) = e2piΛ, (B.8)
where Λ spans the entire Cartan subalgebra. Hence this argument can be reversed:
given any monodromy matrix M , one can find a discrete representation label λ that is
associated to it by (B.3), in the k →∞ limit.
B.2 From defects to monodromies
Next, we classify defects in BF theory and relate these to the same monodromy matrices.
Dimensionally reducing Chern-Simons along the angular φ-direction leads to the 2d BF
model plus boundary contribution:
SBF =
K
2pi
(∫
TrχF +
1
2
∮
dτ TrχA0
)
. (B.9)
53This path-integral computes the character Trλ(1) ≡ (dim λ)e K4pi T Tr Λ2 in representation λ, weighted
with a Λ2 “Hamiltonian”.
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Consider a vertical Wilson loop in an irrep λ in Chern-Simons theory (Figure 14).54
This line pierces the BF disk in a puncture, and these are the defects we consider here.
t
f
BF
l
Figure 14: Vertical Wilson loop in Chern-Simons theory piercing the BF disk.
The Wilson line is described by the operator:
TrλPeiη
∫
dφAφ , (B.10)
where Aφ ≡ χ.55 We can rewrite this expression using the well-known trick [52]:
TrλPeiη
∫
χ =
∫
[Dw] ei
∫
dφTr
(
λw−1(∂τ−iηχ)w
)
, (B.11)
in terms of an auxiliary group element w. Taking the double-scaling limit where
∫
dφ→ 0
and η → +∞, keeping their product fixed at some constant κ, we can write:56
Trλe
iκχ =
∫
dµ(w)eκTr
(
λw−1χw
)
=
∫
dµ(w)e〈κχ,wλw−1〉, (B.12)
which is the Kirillov character formula. The BF amplitude we want to compute:∫
[Dχ] [DAµ] TrλeiκχeiSBF , (B.13)
then projects onto the space:
F (x) = κ
2pi
K
wλw−1δ(x− y), (B.14)
solved by
A0 = g
−1∂τg +
κ
K
wλw−1. (B.15)
Since w is a constant group element, we set g → gw−1 and the w-dependence cancels in
the resulting action:
S =
K
4pi
∫
dτTrA20 =
K
4pi
∫
dτTr
(
g−1∂τg +
κ
K
λ
)2
, (B.16)
54Note the labeling of τ and φ in this figure. The coordinate τ will be identified with the thermal
time of the resulting 2d BF theory.
55A constant η has been introduced here. One can view this as a rescaling of χ to find a finite limit.
56Equivalently, one can view this as an infinitesimal Hamiltonian propagation amplitude e−iH with
H = λw−1iηχw. Care has to be taken to obtain the correct symplectic measure dµ(w) in this process.
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which is the twisted particle on a group action with representation label
Λ ≡ κ
K
λ, (B.17)
to be identified with (B.5).
An alternative way to write the solution of (B.14) is by writing
A0 = g˜
−1∂τ g˜, g˜ = gU(τ), U(τ) = e
κ
K
wλw−1τ . (B.18)
The solution is an untwisted particle-on-a-group action, but where the group element has
the monodromy:57 g(τ + 2pi) = g(τ)U(2pi). Conversely, because of the right-invariance
g → gG, the monodromy matrix U(2pi) is a conjugacy class element and is hence in
the maximal torus T of the group G. And any such matrix can be parametrized as
U =
∏
i e
2piΛi , where the product runs over all highest weights λi. By (B.17), one
can associate an irreducible representation label λ to it that signals the defect operator
TrRe
iκχ that is to be used.
Summarizing, we find that defects within BF with gauge group G correspond to coadjoint
orbits of the loop group L̂G.
C Expectation values of functions of the area Aˆ
It is interesting to generalize the discussion of section 4.4 to include arbitrary functions of
the area operator Aˆ, in particular log Aˆ and negative powers are of interest to understand
the significance of corrections to the Bekenstein-Hawking entropy in this context.
The n-th power of the horizon area operator is readily written down as:
〈An〉 =
(√
4C
β
pi
)n
(−i)n2−n/2Hn
(
ipi
√
2C
β
)
, (C.1)
in terms of (physics) Hermite polynomials Hn(x). Using the asymptotics 2
−n/2Hn(x) ≈
(
√
2x)n, we indeed find the large C-behavior:
〈
Aˆn
〉
≈
(
4pi2C
β
)n
. Also negative values of
n can be considered, e.g.:
〈
A−1
〉
= −
√
β
2Cpi
i
2
e−pi
22C/βerf
(
ipi
√
2C
β
)
, (C.2)
found by integrating exp(αΦ) from −∞ to α. Since Φ is positive between k-eigenstates,
after setting α = 0 in the end, this indeed leads to 1/Φ. This procedure is equivalent to
57The right-invariance g → gG allows the removal of the w-variable here as well.
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integrating the Hermite generating function, leading to “negative-order” Hermite func-
tions. At large C, one finds
〈
A−1
〉 ≈ β
4pi2C
.
Finally, one can get to the log of the area operator as well. Using the contour represen-
tation of the Hermite polynomial, analytically continuing this and taking the derivative,
one obtains:
〈logA〉 = ln
√
4C
β
pi − γ + ipi
2
−
[∫ +∞

dt
t
e−t
2/2+it
√
4C/βpi + ln 
]
, (C.3)
with γ the Euler-Mascheroni constant. One proves that at large C, one has the asymp-
totic expansion: ∫ +∞

dt
t
e−t
2/2+it
√
4C/βpi + ln  ≈ − ln
√
4C
β
pi − γ + ipi
2
, (C.4)
leading to the correct semi-classics:
〈lnA〉 ≈ 2 ln
√
4C
β
pi = ln
4pi2C
β
. (C.5)
All of these operators can be implemented within sectors of the diagram by inverse
Laplace transforming from β to k2, analogously as we did for 〈A〉 itself. We leave the
details to the reader.
D Degenerate Bilocal Correlators
Bilocal operators are represented in Liouville theory as a local Liouville primary oper-
ator between two boundary states [32]. Here we consider instead a degenerate primary
operator between the branes. We focus on the Schwarzian two-point function.
A Liouville primary e2α
φ
b with 2α = Q − mb − nb for m,n ∈ N describes Virasoro
degenerate primaries. Setting m > 1 gives an ill-defined limit b → 0, so the interesting
degenerates are found by setting n = 2` for a half-integer `, with Liouville operators:
V2`,1 = e
−2`φ, ` =
1
2
, 1,
3
2
, . . . (D.1)
We consider the simplest degenerate operator with ` = 1/2. Within the Liouville evalu-
ation of the Schwarzian correlators, we would consider the sphere three-point function:
〈VQV2,1VP 〉 . (D.2)
This can be directly evaluated using the degenerate fusion algebra:
V2,1VP = VP+i b
2
+ VP−i b
2
. (D.3)
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Since we set P = bk, the shift in k is finite as b→ 0.
Equivalently, in group theory language, the matrix element of the constrained finite-
dimensional SL(2,R) irrep is simply [35]
R(φ) = e−2`φ, ` =
1
2
, 1,
3
2
, . . . (D.4)
matching the Liouville insertion (D.1).
Using
Kα(x)
x
=
1
2α
(Kα+1(x)−Kα−1(x)) , (D.5)
which is the 1d analogue of the fusion algebra (D.3), one can evaluate the vertex function
as:∫
dφK2ik1(e
φ)K2ik2(e
φ)e−φ =
1
32ik1k2 sinh(2pik2)
(δ(k1 − k2 + i/2)− δ(k1 − k2 − i/2)) .
(D.6)
This can be read as the minisuperspace evaluation of the Liouville amplitude, or as
the definition of the 3j-symbol as the integral of three matrix elements. The bilocal
correlation function can be written as:
1
Z
∫
dµ(k1)dµ(k2)
e−τ
k21
2C
−(β−τ) k
2
2
2C
ik1k2 sinh(2pik2)
(δ(k1 − k2 + i/2)− δ(k1 − k2 − i/2))
=
2C
Z
∫ +∞
0
dkk sinh(2pik)
sin
(
k τ2C
)
k
e−
β
2C
k2e
τ
8C
=
(
β
pi
sin
pi
β
τ
)
e
τ
8C
(
1− τ
β
)
. (D.7)
Somewhat surprisingly, an explicit expression is obtained in this case, unlike the usual
bilocal correlators as in (2.14). In the second line we shifted the integration contour and
evaluated the delta-functions. In the last line, the Gaussian integrals are performed.
The first factor on the rhs is the semi-classical regime. The second factor disappears as
C → ∞, and represents the quantum corrections. Its influence is largest halfway the
interval at τ = β/2.
The correlator is zero at both endpoints at τ = 0 and τ = β (Figure 15). As before, one
can readily insert a defect in the bulk. E.g. inserting a hyperbolic defect in the sector
exterior to the bilocal leads to the correlator:
2C
Z
∫ +∞
0
dk cos(2piλk)
sin
(
k τ2C
)
k
e−
β
2C
k2e
τ
8C . (D.8)
This set-up can be readily generalized to other finite-dimensional representations ` > 1/2
by consecutive uses of the fusion algebra (D.5) and to multiple bilocal insertions.
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Figure 15: Left: Bilocal correlator (D.7) (blue) and its semi-classical approximation (gray),
with β = 1 and C = 1/2. Right: Bilocal correlator (D.8) in the presence of a defect, with λ = 1,
β = 1 and C = 1/2.
The bilocal operator in Schwarzian variables is(
β
pi sin
pi
β (f1 − f2)√
f ′1f ′2
)2`
, (D.9)
and its semiclassical limit is indeed βpi sin
pi
β τ for ` = 1/2. From a matter CFT perspec-
tive, this operator corresponds to taking non-unitary matter primaries. This is reflected
in the fact that the finite-dimensional irreps of SL(2,R) are also non-unitary.
As a degenerate operator in 2d CFT, it satisfies the null-state condition, and it is in-
teresting to check this directly in the 1d Schwarzian context. Writing O−1/2(τ1, τ2) =
β
pi
sin
(
pi
β
(f1−f2)
)
√
f ′1f
′
2
, one readily checks explicitly that
∂2t1O−1/2(τ1, τ2) ≡ −
1
2
{
tan
pi
β
f, τ1
}
O−1/2(τ1, τ2) = −
1
2C
T (τ1)O−1/2(τ1, τ2). (D.10)
This is the null state condition of the V2,1 primary operator in 2d Virasoro CFT. Applying
this formula to (D.7), and dropping a prefactor of 1/4C2, for the lhs one finds the
insertion for each of the two terms:
(k22 − (k2 ∓
i
2
)2)2 = −k2 ± ik
2
+
1
16
, (D.11)
whereas the rhs is evaluated by taking the average of the energy k21/2C and k
2
2/2C as:
− k
2
2 + (k2 ∓ i2)2
2
= −k2 ± ik
2
+
1
8
. (D.12)
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These match save for a discrepancy in the zero-point energy. The latter mismatch can
be viewed as a renormalization issue of the composite operator : T (τ1)O−1/2(τ1, τ2) :.
The same feature also appears in the standard Schwarzian bilocal correlators [32] for the
higher terms in the series expansion of O`(τ1, τ2) around τ1 = τ2 .
Let us prove that (D.9) is indeed the form of the bilocal operator that one finds us-
ing group-theoretic techniques [35]. In the finite-dimensional spin-` representation, the
sl(2,R) generators take the form:
J− = i

0 0 . . . 0
−1 0 . . . 0
0 −2 . . . 0
...
... . . .
...
0 . . . −2` 0
 , J
+ = i

0 −2` 0 0 . . . 0
0 0 −2`+ 1 . . . 0
...
... . . .
...
...
0 0 0 . . . −1
0 0 0 0 0
 , J
0 = i

` 0 . . . 0
0 `− 1 . . . 0
0 0 . . . 0
...
... . . .
...
0 0 . . . −`
 .
(D.13)
With this representation of the generators, and the Gauss decomposition of the group
element g−1:
g−1 = eiγ−J
−
e2iφJ
0
eiγ+J
+
, γ− = F, e2φ = F ′, γ+ = −1
2
F ′′
F ′
, {F, τ} = T (τ),
(D.14)
one can check by direct computation that the (+`,−`) component of the representation
matrix of the Wilson line equals:
[
R`(g2 g
−1
1 )
]
+`,−` =
(
F1 − F2√
F ′1F ′2
)2`
. (D.15)
This matrix element is computed in the J0-basis. The bra and ket of this matrix element
are respectively highest and lowest weight states of the representation, and as such are
respectively zero-eigenstates of J− and J+ respectively. Thus we can write for the mixed
parabolic matrix element in the spin-` representation:
〈
J+ = 0
∣∣R`(g2 g−11 ) ∣∣J− = 0〉 =
(
F1 − F2√
F ′1F ′2
)2`
, F = tan
pi
β
f. (D.16)
Evaluating the lhs directly in the Gauss decomposition (D.14), one writes:〈
J+ = 0
∣∣R`(g) ∣∣J− = 0〉 = 〈J+ = 0∣∣ e−2iφJ0 ∣∣J− = 0〉 = e−2`φ, (D.17)
in terms of the Cartan element φ, in agreement with (D.4).
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